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This worktext on Basic Calculus is designed particularly for senior high
school students under the K - 12 Basic Education Curriculum. The contents are
parallel to the learning competency as indicated in the curriculum guide for Basic
Calculus. It also aims to prepare them for higher education which is one of the
thrusts of the K - 12 Basic Education Curriculum.

In every chapter , there is the introduction of mathematical concepts and
followed by several illustrative examples. This provides the students better
understanding and appreciation of the lessons. Sufficient exercises for home studies
are provided in each chapter to further strengthen and test the students’
understanding of the topics. Hence, students are given the opportunity to assess
their understanding of the concepts.

There are three chapters presented in this worktext:

4+ Chapter 1 - Limits and Continuity of Functions
4+ Chapter 2 - Derivatives of Algebraic Functions

+ Chapter 3 - Antidifferentiation

Criticisms and suggestions made by mathematics faculty members and students
have been incorporated in the worktext. However, flaws and errors are still to be
seen. The authors will be highly grateful and appreciative if they will be given
feedback regrading this concern.
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CHAPTER 1

LIMITS AND CONTINUITY
OF FUNCTIONS

Leaning Compeloncies

CAt the end of the chaptet, the dtudentd leatn to:

4 [llustrate the limit of a function using a table of values and the
graph of the function.
% Distinguish between Iim f(x)and f(a).

# Illustrate the limit laws.

+ Apply the limit laws in evaluating the limit of algebraic functions
(polynomial, rational, radical).

+ Compute the limits of exponential, logarithmic and trigonometric

functions using table of values and graphs of the functions.

.. . . sinx 1-cosx eX-1
#+ Evaluate limits involving o e and —— using table of

values.
# Illustrate continuity of a function at a number.
#+ Determine whether a function is continuous at a number or not.
# Illustrate continuity of a function on an interval.
4+ Determine whether a function is continuous on an interval or not.
+ Illustrate different types of discontinuity (removable, jump,
infinite).
+ Illustrate the Intermediate Value and Extreme Value Theorems.

+ Solve problems involving continuity of a function.
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1.1. Limit of a Function
In Calculus, the idea of limit is very important. The concept of limit is at the

foundation of almost all mathematical analysis and an understanding of it is
absolutely essential. Deep understanding of limit is very rewarding since it
facilitates a good grasp of all the basic processes of Calculus.

2
. . . X“+Xx-2 . Do
Let us consider a particular function, say f (x) = 1 This function is

defined for all values of x except atx =1. This is because both the numerator and

. . . 0
denominator of function f(x) take zero value atx=1, that 1S'f(1):6' a

meaningless expression or is an indeterminate form, hence, making one not an

2
element of the domain of f(x). However, factoring f (x) = Lxlzreduces it to

(x+2)(x-1)

f(x) =

=X+2, providedx=1. Note on the straight line graph of

f(x): y =x+2 shown below, point (1,3)does not lie on the graph, hence, an open

circle or a hole is seen on its graph.

1
)

Let us study how the function f behaves when we assume values of x getting

closer and closer to 1. This means xnears 1 but never equal to 1. There are two
ways by which value of x may approach 1. One is by assuming values of x less than 1
(or at the left of 1) but approaching 1. The other way is by assuming values of x
more than 1 (or at the right of 1) but also approaching 1.

To get a better view of what happens as x takes values approaching 1 but
less than 1 (x < 1), let us consider the table of values on the succeeding discussions.
X +x-2

x-1
approaches 3 as xtakes values less than 1 but approaching 1. Note that as x gets
closer and closer to 1 through values less than 1, the value of f (x) gets closer and

From Table 1 on the next page, observe that the value of function f (x) =

closer to 3; and the closer x is to 1, the closer f (x) is to 3. We can make the value of

Basic Calculus n
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f (x) or the y value as close to 3 as we please by taking x close enough to 1. Another

way of saying this is that we can make the absolute value of the difference between
f (x) and 3 as small as we please by making the absolute value of the difference

between x and 1 small enough. That is, |f (X) - 3| can be made as small as we please

by making [x —1/small enough. But bear in mind that f(x) never takes on the value

3.That is, provided x # 1, asx—>1, f(X)—>3. This is read “as x approaches 1

through values less than 1, f (x)approaches 3”. In symbol form, lim f(x) =3 read

x—1"

“limit of f(x)asxapproaches 1 through values less than 1 is equal to 3”. In
particular, this limit is called the Left-hand Limit of f (x).

Table 1
2
X f (X) — X+—X_2
x—1
0.90 2.9
0.99 2.99
0.999 2.999
0.9999 2.9999
0.99999 2.99999
0.999999 2.999999
0.9999999 2.9999999

1.2. Definition of Left-hand Limit of a Function

The notation for the Left-Hand Limit of f(x)is lim f(x)=L.

Here, f(x)is made close to L for all x sufficiently close to a and x<a

without actually letting x be a.

Let us now look at Table 2 where the values taken by x approach 1 through
values greater than 1(x >1).

Table 2
2
X f(x) = X +x-2
x—-1
1.1 3.1
1.01 3.01
1.001 3.001
1.0001 3.0001
1.00001 3.00001
1.000001 3.000001
1.0000001 3.0000001

Basic Calculus
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Observe that the value of the function f gets closer and closer to 3 but not
equal to 3. That is, when x > 1", f(x) — 3, provided x = 1.Symbolically, xlg{l+ flx) =
3. This is read “the limit of f (x) as x approaches 1 through values greater than 1 is
equal to 3”. This limit of f (x) as x — 1"is specifically called the Right-hand Limit of

f(x). The Right-hand and Left-hand Limits are referred to as One-sided Limit of the

function.

1.3. Definition of Right-hand Limit of a Function

The notation for the Right-Hand Limit of f(x)is lim f(x)=L

Here, f(x) is made close to a for all x sufficiently close to a and x > a

without actually letting x be a.

Note that the change in notation is very minor and in fact might be missed if
one is not paying attention. The only difference is the bit that is under the “lim” part
of the limit. For the right-hand limit, we have x — a* (note the “+"”) which means
that we need to look only atx>a. Likewise for the left-hand limit, we have
x — a~ (note the “—") which means that we will only be looking at x < a.

1.4. Definition of Two - Sided Limit of a Function

We had defined already the one-sided limit of a function. However, limit of a
function is often called two-sided limit and this exists if both one-sided limits exist
and are equal. That is,

im f(x)=lim f(x)=L,then, im f(x)=L

X—>a X—>a

The notation for the two-sided limit of f (x) as x — ais lim f(x). Observe that on

the above notation,a does not bear anymore the superscript + or—. Similarly, note

2
. . . . X“+Xx-2
that on our illustrative example, the given function f(x) = ——— has both

lim f(x)=I1m f(x)=3.Therefore, Iim1 f(x)=3.
x—1" x—1" X—>

But this may not always be the case in other functions where the left-hand
limit and right-hand limit are different in values. Hence, we say that the limit of the

function does not exist which we may simply denote by DNE.

Basic Calculus
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Consider the given graph of a certain piecewise-defined function h(x) below.

Observe from the graph the following properties of function h(x).

= |lim h(x)=3

x—1*

= lim h(x) = -1

X—=>1"
* h(1)=1
From the above-listed properties, we conclude that limit of h(x)as x — 1does

not exist since lim h(x) # lim h(x). Hence, the Iiml h(x) = DNE.
x—1" x—1" X!

1.5. Difference between lim f (x) and Function Value f (a).

X—>a

From the previous discussion, it is apparent that the function

2
f(x)= X+—X12 can be made as close to 3 as we please by taking x sufficiently close

to 1. However, this property of the function f does not depend on f being defined
when x =1. This fact gives the distinction between limit of f (x) as x approaches 1

and the function value at x =1.
Let us again consider the graph of function g(x) shown below.

Basic Calculus
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From the preceding graph, we can enumerate some of its properties.
= lim g(x)= Ilm g(x)=Im g(x)=2
X—>-2" x—-2" X—-2
" 9(=2)=14
= lim g(x)=Ilim g(x)=Im g(x)=2
x—4~ x—4" X—>4

" g(@) =2

Note that IirT]2 g(x) = g(—2) while Iim4 g(x) =9g(4) =2. This example shows

that even if the function g is defined at x = q, it is possible for the limit of the

function g to exist even without having the same value for g(a).

1.6. Theorems on Limit of a Function
Let lim f(x) = A and lim g(x) =B.

1) lim c=c,where ceR

X—a

2) Imx=a

3) Iima[f (X)+g(x)]=A+B

4) m[f(x)eg(x)]=AeB

f(o _fm 1) .
5) lim == =—, provided B =0
xag(x) lmg(x) B

6) Im [1 (0] =im f (0] =[A]

7) lim g/ (x) = n\/lxima f(x) =VA

Example 1. Evaluate the following limits by using the laws on limit of a function.
a. lim (Gx—1)

Use Theorem 1. Jim (3x —1) = lim 3x — lim 1
Use Theorems 1 and 4. Jim (3x—1) = lim 3¢ lim x — lim 1

Use Theorems 1 and 2. Jim Bx-1)=3(-2)-1=-6-1=-7

Basic Calculus “
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The graph of function y=3x-1 shows that as x— -2,the y value
approaches value of —7. Therefore, Iim2(3x -1)=-7.

1/

b. lim —
) xl—rg 3 —5x

v lmx
Use Th 5. i =i G
se Theorem m e o, lim (3 —5x)
X—

) x 3
Use Theorems 2and 3. 1M - ===
x—=3 x—3

X 3 3 3 3
Use Theorems 1 and 4. 1935“33—5x_3—1im5-limx_3—5(3)_3—15_—12_

x-3 x-3

1
4

The graph of function y = ﬁ below shows that as x — 3, the y value

1 . 1
approaches ——. Hence, lim =—-=.
4 x>3 3 — 5x 4
0 /
A"'QH 025 05 075 125 15 175 225 25 295 325 35
0.2 /‘_-_
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4 — x2

_ lim

x-1 1+ x3
_ —x? . 4—x?
Use Theorem 7. }cl—l}}\/1+x3 - \/chl_r)ril + x3

. — L g

. 4—x2= 361_13(4 x): }Cl_tplél }Cl_rgx]

Use Theorem 5 and 3. x=11 + x3 }Ci_lf}(l + x3) lim 1+ linrixf"']
X—

x—1

2
Use Theorems 1 and 6. y 4 — x2 4 - (’lcl_r)ri x) 4— (1)2 \/g N
lin 3 - 3 = 3 = _——= —
x-1,01+x 1+(limx) 1+ (1) 2 2
x—1

Take note that limits of the given functions presented can be achieved by
using direct substitution method where the value approached by the variable is

substituted on the given function.

Example 2. Evaluate the following limits by using the direct substitution method.

3x%2 —x —10
a), limo> Y Y
) }cl—lg x2 —4

Solution:
To evaluate the limit of the given function, using the direct substitution
method, replace 2 for x.
3x2 —x —10

lim———= 9 (An Indeterminate Form)
-2 x%2—4 0

Simplify the given function to eliminate the factor common to both the
numerator and denominator and that has zero value at x = 2.
. 3x2 —x —10 i (x—2)(3x +5)
w2 x2—4 (=2 +2)

Divide out the factor (x—2)which is causing the indeterminate form, then,

evaluate the limit.

[ 3xPox—10 . 3x+5 3245 11
2 x2—4 B x+2 242 &

Basic Calculus n
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by, i x* —81
)- o3 2x%2—-5x—13

Solution:

By using the direct substitution method, replace the variable x by 3 to
evaluate the limit of the given function.
x* —81

Liing T2 Er 3" % (An Indeterminate Form)

The factor x =3 which is zero when x =3 needs to be eliminated from the
numerator and denominator of the given function.

i x?=9Nx*+9) x=-3NE+HE*+9) (x+3)(x*+9)
IR G o2+ D) T k=3 2x+ 1) % 2x+1
_B+3)I[B3)?+9] 6(9+9) 6(18) 108
B 23) + 1 -7 7 7

3—+vVx+5

C. lim
x-4 x—4

Solution:
By using the direct substitution method, replace the variable x by 4 to
evaluate the limit of the given function.

o 3—=vx+5 0 )
lim————— == (AnIndeterminate Form)
xX—4 x—4 0

Factor (x —4) must be removed from the numerator and denominator. To do
it, multiply the members of the fraction by the conjugate of the numerator to
eliminate the radical of index two. Then, recall and apply the product of a sum and
difference of two terms: (a+b)a-b)=a*-b’.

I 3—vVx+5 3++vVx+5 y 9—(x+5) y 4—x
= l1im . = llm = lim
=4 x—4 344x+5 =4(x—-4)B+Vx+5) 4(x—-4)(3+Vx+5)

_ —(x—4) _ -1 -1 1
= lim = lim = = —=
>4(x—4)(3+Vx+5) *43++x+5 3+3 6

Basic Calculus n
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d). x3 —7x
lim 3
x—0 X
Solution: s
. s o x°=7x 0
Direct substitution of zero for x results to lim ==
x-0 X 0
| x(x%2 =17) i x>-7 =7 7
= 1m = lim = = —— = —00
x—0 x3 x-0 x2 0 0

Note that the numerator approaches — 7 and the denominator is a positive
quantity approaching 0. The quantity —ois NOT a real number and is NOT an
indeterminate form. Hence, the limit of the given function does not exist or DNE.

cos2x—1

e).

im————
x-0 cosx — 1

Solution:

0
Replacing cos 0° by 1 gives again a limit of the forma . That s,

cos2x—1 0 )
im——— =— (AnIndeterminate Form)
x-0 cosx—1 0

Recall the trigonometric identity: cos 2x = 2cos” x —1

Substitution into the given expression results to:

- (2cos?x—1)—1  2cos’x—2
= lim = lim——
x—0 cosx — 1 x-0 cosx —1

Factor-out 2 from the binomial numerator and the second factor (COS2 X —l)

as difference of squares.

2(cos?x—1)  2(cosx + 1)(cosx — 1)
m———— = lim
x-0 cosx —1 x>0 cosx — 1

Cancel-out the common factor(cos x — 1) that gives zero value on the numerator
and denominator, then substitute x = 0.

= lirr(l) 2(cosx +1) =2(1+1)=4
X—

Basic Calculus
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1.7. Limit of a Function Involving Infinity
1
If we consider the function f(x) =—, it is an observation that as x — 0
X

through values at the right of 0, the corresponding values of the function get bigger
and bigger. We say that f (x) increases without limit or f (x) - wasx — 0".

Hence, in symbol form:
: lim f(x) = .

x—>0"
Likewise, as x — 0 through negative values, the value of the function
decreases without limit.
Thus, in symbol form:
lim f(x) = —0.

x—0"
The introduction of the symbol oodoes not in any way justify its use as a
number. It is best to mention that the word “infinite” signifies only a state of being
non-finite. Division by zero is a meaningless operation and it is not intended that the

1
symbol oorepresent6. Once again, it is to be stressed out that «is not a symbol for

areal number.

When the limit of the function as x approaches a value, say a, is infinity, we
say that the limit of the function does not exist.

The symbol o simply indicates the behavior of the function as x gets closer
and closer to valuea.

In the same manner, getting —oo for the limit of the function simply indicates
that the behavior of the function whose function values decrease without bound.
Getting —oo once again tells us that the limit of the function does not exist.

1
Example 3. Let us examine the behavior of the function f(Xx) =~ graphically shown
X

below.

lim — =
=0ty

lim
x—=0~

Il
|
8

Using the above properties of f (x) = l
X

. 1 1
a) lim 4x=4_°°=—=;=0

x—0" 4%

Basic Calculus
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1
b) lim 4x = 4° = oo
x—0"
1 1

Observe that as x — 07, the function 4* —» 0 while as x —> 0", 4% 5 0.

1.8. Theorems on Limit of a Function Involving Infinity
1) lim cx = (c > 0)

X—0

2) lim cx =—00 (c <0)

X—0

- Cc

3) Jm =0

4) lim == (c>0)
x—0"

5) lim S=—o0(c>0)
x—0" X
Example 4. Evaluate the limits of the following functions.

a) lim #X=5
X2 6X+7

Solution:

Substitution of e for x results to indeterminate 2. In case like this, we use a
o0

standard technique in working with infinite limits by dividing each term on the
numerator and denominator by the highest power of the variable x . Then, use
Theorem 3 on limit of function involving infinity. Thus,

5

4x-5 A== , 7
im = lim —,(prov1dedx¢0andx¢——>
x>+0b6x +7 x>t 7 6
6+E
_4-0_4_2
6+0 6 3
) 4x + 3
b M3z
Solution:

The limit takes the indeterminate form —2. Use the technique described on

the previous illustrative example by dividing both numerator and denominator by

x?, the highest power of x, and then, using Theorem 3.
4 3
4x +3 o xt>z 040 0

2
x—1>lzloo3x2+1:x—l>r—n003+i=3+0_§
3{'2

Basic Calculus
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obx3+x?+2x—1
C) lim >
x—+00 x“+x+2

Solution:

Divide each term on the numerator and denominator by x3, the highest
power of x and then use Theorem 3 since the evaluated limit of the given function
equals z . Hence,

1, 2 1
y 6x3 +x%+2x— 1 y 6+t 2" 6+0+0+0 6
= = = — =00
x—1>I-Ir-100 x2+x+2 xl—’nol° 1+i+£ 0+0+0 0
2 3
X X X
On Example 4, observe that in evaluating limit of function of the form % as x

approaches too, if:

i. The degree of the numerator equals the degree of the denominator, the
limit of gi—g as x approaches +oo or — o equals the ratio of the numerical
coefficient of the highest power of x on the numerator to the numerical
coefficient of the highest power of x on the denominator.

ii. The degree of the numerator is less than the degree of the denominator, the

limit of% as x approaches +oo or — o equals zero.

iii. The degree of the numerator is greater than the degree of the denominator,

the limit of % as x approaches +oo or — oo equals either «or —ooas the

case may be.

Example 5. Examine how the limits of the following functions are evaluated.

a) lim Vx =0

x—>0*
Note that in evaluating the limit of the given function as x — 0%, the values
taken by x are all greater than zero but approaching zero.

b) lim +/x = DNE (does not exist)
x—0"
Observe that the limit of the given function as x — 0~ does not exist since the
values taken by x are all less than zero but approaching zero. Hence, the
corresponding values of the given function are imaginary or not real numbers.

o) lim = = oo

5
x4t X—4

Basic Calculus
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As x takes values greater than 4 but approaching 4, the denominator (x—4)is
always greater than zero but approaching zero.

. 5
d) lim = = —oo
x—4~ X—4

When x assumes values less than 4 but approaching 4, the denominator
(x - 4) takes values less than zero but approaching zero.

1.9. Limits of Exponential, Logarithmic and Trigonometric Functions

Let us investigate how the value of the exponential, logarithmic and
trigonometric functions behave as x approaches zero using table of values and the
graph of the function.

A. Exponential Functions

a). y=f(x)=¢"
As reflected on the table of values and the graph of functiony = f(x)=e¢"

given on the next page, as x — 0, f(x)—1 or the value of y — 1. Hence,

lim e* = 1. Likewise, observe that the function value equals 1 when x = 0. That is,

x—0

f(0)=1. Furthermore, note that lim e* = £(0) = 1.

Table of Values Graph of y= f(x)=¢"
x y=f (X): e 6 4
0.1 1.10517084 ]
0.01 1.01005016
0.001 1.00100050 /
0.001 1.00100050 4
0.0001 1.00010000 N /
0.00001 1.00001000 - 4
0 1 ,
—0.00001 0.99999000
—0.0001 0.99990001 1
—0.001 0.99900050
—0.01 0.99004984 L
—0.1 0.90483748
Basic Calculus
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7 +e¥
4

b). y=9(x)=

3x

From the table of values and the graph ofy=g(x)= rve given below,

observe that as x — 0, g(x)— 2 or the value of y — 2. Therefore, lim g(x) =2.1In

addition, the function value at x =0equals2. That is, g(O): 2. Furthermore, take

note that im g(x) = g(0)=2.

7+e¥
Table of Values Graph of y = g(x)= 2
7+e3x y
X y=9(x)=—,
0.01 2.0076136283
0.001 2.0007511256 4
0.001 2.0007511256 /
0.0001 2.0000750112 ’
0.00001 2.0000075001 . 2
0 2

-

—0.00001 1.9999925001
—0.0001 1.9999250113
—0.001 19992511244

—0.01 1.9926113883

-

B. Logarithmic Functions

a) y=h(x)=log x
The given table of values and the graph of y=h(x)=Iog xshow that

lim h(x) =0 while the function value h(1)=0. Moreover, take note that

Iximl h(x) = h(1) = 0.

Table of Values Graph of y =h(x) =log x
X y =h(x) =log x
1.1 0.0413927 |
1.01 0.0043214 .
1.001 0.0004341 -
1.0001 0.0000434 T
1 0

0.99999 | -0.00000434290
0.9999 -0.00004343162
0.999 -0.00043451177

0.99 -0.00436480540
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b) y=k(x)=In(1+x)

As observed from the given table of values and the graph of
y=k(x)=In(1+x) below, as x>0, y >0 or k(x) >0 which implies that

Iim0 k(x) = 0 .Similarly, k(0) = 0. Hence, for y =k(x) =In(1+ x), Iim0 k(x) =k(0) =
0.

Table of Values Graph of y=k(x)=In(1+ x)
X y =k(x) =In(1+ x)
0.1 0.09531017 :
0.01 0.00995033 | T
0.001 0.00099950 |
0 0
—0.001 —0.0010000
—0.01 —0.0100000 j
—0.1 —0.1053605 ¥y

C. Trigonometric Functions
a)y =d(x) =sinx

Note that from the given table of values and the graph of y = d(x) = sinx
Iim0 d(x) = 0and d(0) = 0. Hence, Iim0 d(x) =d(0) =0.

Table of Values Graph of y = d(x) = sinx
x y =d(x) =sinx
0.1 0.099833 :
0.01 0.009999 ; e
0.001 0.000999 \l
0 0 -2 -1 ; \
—0.001 ~0.000999 | |° i -
—-0.01 —0.009999
—-0.1 —0.099833
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b)y = t(x) =tanx
Observe that for the functiony = t(x) = tanx, Iim0 t(x) =t(0) = 0.

Table of Values Graph of y = t(x) = tanx
X y=t(x) =tanx _
0.1 0.1003346 _ ]
0.01 0.0100003 . ’
0.001 0.0010000
0.0001 0.0001000 ~ j 77777
0.00001 0.0000100 . Y.
0 0 )
—0.00001 —0.0000100 R ]
—0.0001 —0.0001000 | | r
—0.001 —0.0010000 | | /
—0.01 —0.0100003 }
—0.1 —0.1003346 1 _

. s . sinx 1-cosx e*—1
1.10. Limits of Functions o and

X X

sinx

a) y=f(x)=

X

As reflected on the given table of values and the graph of function y =

f(x)=5i;1x, the lim ===1 and the function value f(0)=g which is an

x—0

indeterminate. Therefore, Iim0 f(x) # f(0) and we see an open circle around point
X—>

(0,1) indicating that the point does not lie on the graph of y = f(x) = Si;‘x
Table of Values Graphofy = f(x) = Si;lx
sinx
x y=fl)=—
0.1 0.9983341 )

0.01 0.9999833 T~

0.001 0.9999998 - / S~
0.0001 0.9999999 '

0 0/0

—0.0001 0.9999999
—0.001 0.9999998

—0.01 0.9999833

—0.1 0.9983341
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1-cosx

b)y=gkx) =

1-—cosx
on the next

The given table of values and the graph of y = g(x) =

page show that lim Icosx

x—>0

= 0 while g(0) = % which is an indeterminate. Hence,

Iim0 1CosX o g(0) and this implies that the point (0, 0) is not a point on the graph of
y = - iosx as indicated by the open circle on the graph.
Table of Values Graphofy = g(x) = 1= :Cosx
1— cosx
X y=9gkx)= — 2
0.1 0.04995834
0.01 0.00499995
0.001 0.00049999 o -M/
0.0001 0.00005000
0 0/0 )
—0.0001 —0.00005000 )
—0.001 —0.00049999
—0.01 —0.00499995
—0.1 —0.04995834
e* -1
)y =hx) =
Just like functions f(x) = Sizx andg(x) = - iosx, the function value h(0) = %

while Iim0 h(x) = 1. Observe that Iim0 h(x) # h(0), hence an open circle is drawn at

point(0,1).

Table of Values Graph of y = h(x) = exx_l
X
X y =h(x) = e 1 f
0.1 1.0517091 4 /
0.01 1.0050167 )
0.001 1.0005001 ) /
0.0001 1.0000500 2 /
0 0/0 /
—0.0001 0.9999500 _—
—0.001 0.9995001 <«
—0.01 0.9950166 2
—0.1 0.9516259
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1.11. Continuity of a Function ata Number

The function f(x) is continuous at point x = a if the following three
conditions are satisfied:

1) f(a) is defined,

2) lim f(x) exists (i. e, is finite), and,
X—a

3) Im f@) = f(a)

The graph of a continuous function has no gaps or jumps in it, meaning, we
can draw the graph of a continuous function without lifting our pen from the paper.

Example 6. Determine whether the given function is continuous or not at the
indicated value of x.

2_
a) f(x) =);—_39, atx =3

x%2-9
b) h(x)={x—3’ X#3
, x=3
1
C) k(X) — {;: x*1
0, x=1
Solution:
x“-9

2
a) Atx =3, f(x) = — = % which is an indeterminate. Therefore, x = 3 is a

point of discontinuity. So, we need to eliminate the factor that causes zero
value on both the numerator and denominator. We do this using the
factoring method as shown below.

X

) =27 =D et
f(3) =3+ 3 = 6 (defined)

2

39 at point (3, 6).

There is an open circle on the graph of f(x) = X

To evaluate the limit of f(x) as x — 3, use now the direct substitution
method. That is

Iim3 (x +3) = 3+ 3 = 6 (finite)

Basic Calculus
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x<=9 .
1S
3

2
And, since Iim3 f(x) =f(3) =6, we say that the function f(x) ="

X

discontinuous at x = 3 as seen on the graph of f(x).

x%2-9
b). h(x) = {E x#3
4, x =3

The given piecewise-defined function has h(3) = 4 which is finite. Hence, (3,
4) is a shaded circle on the graph of h(x). The limit of the function as x = 3 is

Iim3 h(x) = Iim3 (x +3) =3+ 4 = 6 (finite). The first two conditions of continuity

of a function at a number are satisfied by the function, however, the third is not, that

is, Iim3 h(x) # g(3). Hence, we conclude that the function h(x) is not continuous or
X—

is discontinuous at x = 3 and this property of the function is seen on the graph of
h(x).

)

1
c). For piecewise-defined function k(x) = {;' x
0, x

+

1
1
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The function value k (1) = 0. The lim k(x) = 1 and lim k(x) = 1, therefore,
x—1* x—1"

the lim k(x) = 1. We say that at x = 1, the function k(x) is discontinuous since

x—1

Iiml k(x) # k(1) and this property of the function is revealed by its graph.

1
I\
\

Example 7. Given the graph of function g(x) observe the following properties of the

function.

[+

a).g(1) =2 h). lim g(x) = 4 o). lim g(x) =1
b).g(2) =3 D. Im gx)=4 |p).lm gl =1
0.93)=4 i). leTs gx) =4 q). Discontinuousat x = 1
d).g(4) =2 k). lim g(x) =2 r). Discontinuous at x = 2
o
e). l'fl g(x)=0 D. X||_r2 glx) =2 s). Discontinuous at x = 4
f). lm glx) =2 m). |X|T2 glx) =2 t). Continuous at x = 3
2). I)!Tl g(x) = DNE n). le gx) =1
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1.12. Continuity of a Function on an Interval

The following definitions facilitate explaining continuity of a function on an
interval.

a) A function is continuous on an open interval (a,b) if an only if it is continuous at

every number in the open interval.
b) A function f(x)is said to be continuous at a from the right if and only if the

following conditions are satisfied.
(). f(a) exists;

(ii). lim f (x) exists; and,
X—a

(ii). f(a)= lim f(x).

This continuity is called right-hand continuity.

c) A function f (x) is said to be continuous at a from the left if and only if the
following conditions are satisfied.
(). f(a) exists;

(ii). lim f(x) exists; and,

(iii). f(a)= im f(x).

This continuity is called left-hand continuity.

d) A function f(x)whose domain is the closed interval [a,b]is said to be continuous
at [a,b]if and only if it is continuous on the open interval(a,b), as well as

continuous from the right at aand continuous from the left atb . That is, f(a) =
lim f(x),and, f(b) = lim f(x).
x—a* Xx—b~

e) A function f(x)whose domain includes the right open interval [, b) is said to be
continuous at [a, b)if it is continuous in the open interval (a, b) and continuous

from the right at a, thatis f(a) = lim f(x).

f) A function whose domain includes the left open interval (a, b] is said to be
continuous at (a, bJif it is continuous in the open interval (a, b) and continuous

from the left at b, that is, f(b) = Iin} f(x).
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Example 8. Let us consider the sketch of the graph of h(x) and investigate if it is
continuous in the right open interval [1, 10).

As seen from the graph, the condition that the function h must be continuous
at any x-value in the right open interval(1,10) is satisfied. Now, examine if it is
continuous from the right of x = 17 Are the three conditions for the right-hand
continuity to exist satisfied?

= h(1) =-2
= lim h(x) = -2

x—1*

= lim h(x) = h(1) = 2

From the above results, we conclude that the function h is continuous in the
right open interval [1, 10).

Example 9. Consider the sketch of the graph of function f(x) and examine its
continuity on the closed interval [0.4].

N -
i

As reflected on the graph of function f(x)whose domain is the closed

interval[0, 4], it is continuous at any x — value on the open interval (0,4). Moreover,

observe that f(0)= lim f(x) = 0. Hence, the function is continuous at x=0.
x—0"
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Furthermore, f(4)= lim f(x) = 4. Therefore, we say that the function is continuous
X—4"

at X = 4. Examining the continuity atx =2, note that

im f(x)= lim f(x)= lim f(x) = 4 and f(2)=4. Hence, the function is said to be
x—2" x—2" d

continuous atx = 2.

Thus, we finally say that the function is continuous on the closed interval
[0.4]

1.13. Intermediate Value Theorem

The Intermediate Value Theorem says that if function f(x)is continuous on
the closed interval [a,b]such that there exists a number M between f(a)and f(b),

then, there exists a number ¢ such thata<c<b. All that is being said by the
Intermediate Value Theorem is that a continuous function will take on all values
between f(a)and f (b). In other words somewhere between a andb , the function will

take on the value of M.

Example 10. Show that f(x)=2x>-5x*-10x+5 has a root somewhere in the
interval [-1, 2]

Solutions: What we’re really asking here is whether or not the function will take on
the value f(x) =0 somewhere between -1 and 2. In other words, we

want to show that there is a number c such that —1<c<2 and f(x)=0.

However if we define M =0and acknowledge that a=-1 and b=2 we
can see that these two condition on ¢ are exactly the conclusions of the
Intermediate Value Theorem.

So, this problem is set up to use the Intermediate Value Theorem and in
fact, all we need to do is to show that the function is continuous and that
M =0 is between f(-1) and f(2). To do this all we need to do is

compute, f(-1)=2x>-5x*>-10x+5 and f(2)=2x°-5x*-10x+5
f(-1) =2x> —=5x" —10x +5 f(2) =2x* -5x* —10x+5
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f(-1) = 2(-1)’ -5(-1)* -10(-1)+5 f(2) =2(2)° -5(2)* -10(2) +5

f(~1) = 2(-1) - 5(1) +10 +5 f(2) = 2(8) - 5(4) —~10(2) + 5
f(-1)=-2-5+10+5 f(2)=16-20-20 +5
f(~1) =-7+15 f(2)=-4-15

f(-1) =8 f(2) = -19

Sowehave, -19 = f(2) <0< f(-1) =8

Therefore, M =0 is between f(-1)and f(2), since f(x)is a

polynomial it's continuous everywhere and so in particular it's
continuous on the interval [-1,2]. So by the Intermediate Value Theorem
there must be a number —1<c<2 so that f(c)=0. Therefore the

polynomial does have a root between -1 and 2. The graph is shown below.

1.14. Types of Discontinuity

Seeing how a function fails to become continuous helps one to understand
discontinuity. All of the important functions used in Calculus and analysis are
continuous except at isolated points. Such points are called points of discontinuity.
To better understand the succeeding discussions on discontinuity requires one to
remember the three conditions satisfied by a continuous function. That is, function

f(x) is continuous at x = a if IXITa f(x) = f(a) = defined. Thus, if x = a is a point of
discontinuity, something about the above condition fails to be true. Discontinuity of
a function may be of the following types:
A. Jump Discontinuity

In a jump discontinuity, the right-hand and the left-hand limits both exist as
x — a, but are not equal. Thus, the IXITa f(x) does not exist. The size of the jump is

the difference between the right-hand and the left-hand limits. The graphs below
show jump discontinuity.
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‘/.

Point of discontinuity: x = —2 Point of discontinuity: x = 1

B. Hole/Removable Discontinuity

In a removable discontinuity, the lim f(x) exists, but lim f(x) # f(a). This

may be because f(a)is undefined or indeterminate. The discontinuity can be
removed by changing the definition of f(x) at a so that its new value, there is

lim f(x).Consider the graphs below.

2l

e N\

i -

Point of discontinuity: x = —2 Point of discontinuity: x = 2

C. Asymptotic/Infinite Discontinuity

In an infinite discontinuity, the left- and right-hand limits are infinite; they
may be both positive, both negative, or one positive and one negative. Since the
function doesn't approach a particular finite value, the limit does not exist. The
graphs given on the next page are all discontinuous atx =0.

[ — |
J 1\ --
PR R N 4
IS () = oo Jimp f () = oo lim f(x) = —oo;
S ) = e Jim, f(x) = o0 lim, f(x) = —o
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Asymptotic/infinite discontinuity occurs at points where the denominator of a
rational function equal to zero. So all that we need to determine this kind of
discontinuity is to set the denominator to zero and solve for x.

For example, function f(x) = 273 p has infinite discontinuity at x = —6

x24+5x—
and x = 1since at these values, the denominator of the rational function is zero.

Basic Calculus
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Activity Sheet

LIMIT OF A FUNCTION

Note: Students may use calculators when applicable.

. -1
1. Complete the following tables of values to investigate lim X=2

=0 X +1

X f(x) X f(x)
-1 1

-0.8 0.75

—0.35 0.45

-0.1 0.2

—0.09 0.09

—0.0003 0.0003
—0.000001 0.000001

2. Complete the following tables of values to investigate Iim1 (X2 - 2X+ 4)

X f(x) X f(x)
0.5 1.6
0.7 1.35
0.95 1.05
0.995 1.005
0.9995 1.0005
0.99995 1.00005
Basic Calculus
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3. Construct a table of values to investigate the following limits:

. 1
a. lm—
=L x+1

1 .
b. lim f(x)if f(x) ={§ xs -l
=0 x2—=2,ifx>-1
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Activity Sheet

LIMIT THEOREM

Directions: Evaluate the indicated limits using direct substitution method.

1. |im_1(2x) 2. Iimg(x -6)

3. lim (x2 —5x+9) 4, lim (x5—3x3+4x2 —6)
Xx—0 X—>—2

5. lim 4(x—-4)x+9) 6. lim (4x - 4)’

Basic Calculus
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. 5x-7 2 _
7. lm, 8. lim =X~
X_,g15X+2 x>-23x° 4+ 8
9. Iin}63\/4x 10. lim 5X + 4
T\ 3x 41
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7

Activity Sheet

LIMIT THEOREM

Evaluate the indicated limits.

. X+5 Z_
1 Im — 2. lim % 4
x>-5 x° +7x+10 x>2 X —2
2 3
3. fim 20 ~8W-16 4. tim L2
wo4 2W° —9w+ 4 v—>-3 v+3
) 3 bz_g 6 . c+ 2
5 leo( A ) CII—I:QZC?’_'_S
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7. lim 4-k
) k—>42_\/E
_ Ja*+12 -4
9, |lm ——
a2 a_2
2
11. lim ;
xaool_x
4 2
13. lim M

xie 2x3 —6X +1

2

8 "mM
"omse 2 ;m
d-1
10. lm ————
-1\ d+3-2
12, fim 2X*3
x>+ 3X +5

14. lim
X—>+00 X +
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Activity Sheet

LIMIT OF TRANSCENDENTAL FUNCTION

Directions: Evaluate the following limits by constructing the table of values.
1. lim 4*

Xx—1

- 2_
2. lim 5¢ 2

x—3

3. lim cos x

x—0

4 fim sin 4t

t—0 t

COS X

lim —
x=>08in X —3
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Activity Sheet

CONTINUITY OF A FUNCTION

Directions: Identify the type of discontinuity and use the definition of continuity to
determine whether f is continuous at the indicated value of x.

1. f(x)=3x+1;x=3

2. f(X)=4x>+7x+2;x=2

3. f(x)= x=4

(0=
2

4. fo=FT.x=5
3
X+5

5. f(x)= ;x=5
() ="—
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6. (="l x=7
X+7
7. = =0
' x% —4x’
x? -9
X_3'x¢4
8. f(x)= x=4
{1, X=4
9. f(x) 2—-X, x<0
X) = ; =
x?+1, x>0
x?+2x-3, x<-1
10. f(x)={ ix=-1
X—3, x>-1
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Activity Sheet

PROPERTIES OF CONTINUITY

A. Using the properties of continuity, determine where each function is continuous.

1. f(x)=4x+7 2. f(x)=8x*>-5x+2
3. f(x):3—x 4. f(x):x—+8
X+ 2 X+1
5. f(x):m););(f_?,) 6. f(x):4z((2__49
. f(x)=x2+8x 8. f(x)=~/27-x

x? —8x
9. f(x)=+x*-9 10. f(x)=¥x-9

B. Determine where the given function is continuous using the composition of
continuous functions property.

X=5 2. f00=.|—2

1. f(x)=
() X x? —16

3. f(x)=sin(x’—4) 4. f(x)=cos38—x

7
5. =
f(x) tan(x2+7j
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Activity Sheet

INTERMEDIATE VALUE THEOREM

A. Use the Intermediate Value Theorem to verify that the function has a root in the
given interval.

1. f(x)=x*-3, [-13] 2. f(x)=x*-7x-3, [3,2]

3. f(x)=x*-7x-3, [-11] 4. f(x)=x*-7x-3, [-2,-3]

5. f(x)=cosx+x, [-20]

B. Use the intermediate Value Theorem to show that the two functions intersect in
the given interval.

1. f(x)=x>+1 g(x)=x+1 [-12]
2. f(x)=5x>+4x-1, g(x)=2x*-4x, [-2,0]

1
X2

3. f(x)=—, g(x)=-x>+5, [21]
4, f(x)=Ilhx, g(x)=e*, [-12]

5. f(x)=cosx, g(x)=x-1, [10]
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CHAPTER 2

DERIVATIVES OF
ALGEBRAIC FUNCTIONS

Leaning Competencies

At the end. of the chaptet, the dtudentd learn to:

#+ Apply the definition of derivative of a function at a
given number using increment.

#+ [llustrate the tangent line to the graph of a function at
a given point.

+ Relate the derivative of a function to the slope of the
tangent line.

+ Determine the relationship between differentiability
and continuity of a function.

#% Apply the differentiation rules in computing the
derivative of algebraic, exponential, logarithmic,

trigonometric and inverse trigonometric functions.
Compute the higher-order derivatives.

[llustrate the Chain Rule of differentiation.

Solve problems using Chain Rule of differentiation.
[llustrate implicit differentiation.

Solve problems using implicit differentiation.
Solve optimization problems.

Solve situational problems involving related rates.
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2.1. Increment

An increment is a small, unspecified, nonzero change in the value of a quantity.
The symbol most commonly used is the uppercase Greek letter delta (A ).

Consider the case of the graph of a function y= f(x) in Cartesian coordinates,
as shown in the figure. The slope of this curve at a specific point Pis defined as the

A
limit ofA—yas AX (read “delta x”) approaches zero, provided the function is
X

: .. A A . L
continuous. That is, lim A_y The value A_y depends on defining two points in the
Ax—0  AX X

vicinity of 2. In the illustration, one of the points is Pitself, defined as (x,, Y, )and the

other is Q(Xq,yq), which is near . The increments here are Ay=Yy -y and

AX =X, —X,.As point Qapproaches point £, both of these increments approach zero,

A
and the ratio of increments A_y approaches the slope of the curve at point 2.
X

Line with dope m

Ax

When the increment is positive, it means “increase in the value of the quantity”
while a negative increment signifies a “decrease”. The term increment is occasionally
used in physics and engineering to represent a small change in a parameter such as
temperature T (AT), electric current | (Al) or timet (At).

2.2. Derivative
We will extend our discussion of limits and examine the idea of the derivative,
the basis of differential calculus. We will assume a particular function of x, such that

y=f(x)=x?
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If x is assigned the value 5, the corresponding value of y will be (5)2 or 25. Now,

if we increase the value of x by 3, making the new x value 8, we have increment AX = 3
. This results in an increase in the corresponding value of y, and we call this increase
an increment or Ay . From this we write

y+Ay = (x+Ax) = (5+3) =64
Ay =(x+Ax) -y

Thus, ,
Ay =(5+Ax) —25 =64 - 25 =39

We are interested in the ratio A—ybecause the limit of this ratio as Ax
X

approaches zero is, by definition, the derivative of function f with respect to x.
As we recall from the discussion of limits, as AX is made smaller, Ay gets

A
smaller also. In our example, the ratio A_y approaches 10 as shown on the table
X

below. Let x = 5, correspondingly, y = 25, then assume values of AX that tend to

A
approach zero through values more than zero. Observe that asAx — 0 ,A—y —10.
X
AX 1|01 0.01 0.001 0.0001 0.00001
Ay :(X+AX)2 —y 11 | 1.01 | 0.1001 | 0.010001 1.00001 1.000001
2 x1073 x10~%
Ay = (x + Ax)* = x
Variable
Ay 11 | 10.1 | 10.01 10.001 10.0001 10.00001
AX

A
The symbol A_y gives the average rate of change of y with respect to X, that
X
is, with X changing from X to X + AX, and with y correspondingly changing from y to
y + Ay . In effect, the value of the function f (x) becomesy = f (x + Ax). Furthermore,

. A _ .
if for a fixed value of X, the quotient A—yapproaches a limit as the increment AX
X

approaches zero, this limit is called the derivative of y with respectto X for the given
value of X.

This is denoted by symbol j—y ordi f(x),y', f'(x),D,y,D, f(x).
x  dx

Thus, by definition,

dy Ay  flx+Ax)—f(x)
— = lim — = lim
dx Ax—0Ax Ax—0 Ax
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Differentiation is the process of finding j—y when y = f(x). If the derivative of
X

f (x) exists, then, f(x)is said to be a differentiable function of x.
Note thatify = f (X), the instantaneous rate of change of y per unit change in x
at x,is f'(x1), y'(xl)or, equivalently, the derivative of y with respect to x at X, if it
exists.

2.3. The Increment Method /Four-Step Rule of Differentiation

This is the long method of finding the derivative of a given function using the
increment of a variable and it may be formulated as follows:

1. Replace(x + Ax) for x and (y + Ay) for y.
2.To get Ay, subtract the original function of x, f (X) , from the new function
of (x+ Ax), f(x+Ax).Thus, Ay = f(x+Ax)— f(x)
3. Divide both sides of the resulting equation in step 2 by AX to define % .
X
4. Take the limit as Ax approaches zero of all the terms in the equation
from Step 3. The resulting equation is the derivative of f(x) with

. dy
respect to x or 51mplyd— .
X

Example 1. Using the 4-Step Rule/Increment Method, find the derivative of y with

d . :
respect to x or d_y of the given functions when x = 2.
X

a). y=x"+2x-3
b). y=(x-1)3x+2)

1
-y = (x—1)
Solution:
Q). Y = X2 42X =3 ettt b e e a b s s ar s (1D
Step 1: Replace y by y + Ay and x by x+ Axon the given function.
Y+ AY = (X+ AX) +2(X+ AX) =3 e (2)

Step 2: Subtracting (2) to (1) will give Ay .
y + Ay = (x + Ax)’ + 2(x + Ax) -3
—y=x"+2x-3

Ay = (x + AXY +2(x + Ax)—3— (x? + 2x — 3)
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Expanding square of a binomial of the form (a + b)’ = a® + 2ab + b?, we arrive at

Ay = X* + 2xAX + (AX) + 2x + 2Ax —3— x> —2x +3
Combining similar terms results to

Ay = 2XAX + (AXY + 2Ax
Factor-out Ax from the terms at the right of the above equation.

AY = AX(2x + AX + 2)

Step 3: Divide the resulting equation in Step 2 by AX to define %
X
Ay 2X+AX+2
AX

Step 4. Take the limit as x approaches zero of both sides of the above equation.

im 2= jim 2x +Ax +2) =2x+0+2=2(x + 1)

Ax—0 AX AXx—0

From the definition of derivative of a function, d—y = lm —.
X AXx—0 AX

dy

Therefore, at any value of x, o 2(x +1)
X
D). Y = (X = L) BX 4 2) cerrerereermeree s erseeseeesse e s sss s sesssss (1
Step 1: Step 1: Replace y by y + Ay and x by x + Axon the given function.
Y+ AY = (X+ AX=L)3(X + AX)+ 2] ceverrerereereeeeenes (2)

Step 2: Subtracting (2) to (1) will give Ay .
y+ Ay = (x+ Ax—1)[3(x + Ax) + 2]
—y=(x-1)3x+2)
Ay = (x + Ax=1)[3(x + Ax)+ 2] - (x—1)(3x + 2)

Expanding and combining similar terms results to
Ay = [3x2 +3XAX — 3% + 3xAX + 3(AX)* — 3x + 2X + 2AX — 2]— (3x%+ x+2)

Ay = 3XAX + 3XAX + 3(Ax)’ — 3AX + 2AX
Ay = 6xAX + 3(Ax)’ — Ax

Factor-out Ax from the terms at the right of the above equation.
Ay = AX(6X +3Ax —1)
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Step 3: Divide the resulting equation in Step 2 by AX to define %
X
Ay =6X+3Ax -1
AX

Step 4. Take the limit as x approaches zero of both sides of the above equation.

Ay
im — = Iim (bx+3Ax—1)=6x+0—-1=6x—1
AXx—0 AX AX—0
. o . dy Ay
From the definition of derivative of a function, — = lim —.
dx a0 Ay
dy
Therefore, at any value of x, d_ =6x-1.
X
c)y—; when x = 2 (D
. (x _1)2 LIWHEN X = 2ot e e
Step 1: Step 1: Replace y by y+ Ay and x by x+ Axon the given function.
1
F AY = 2
yray (x + Ax 1) @

Step 2: Subtracting (2) to (1) will give Ay .

R S
(x+Ax—-1  (x-1)

Subtract the fractions by getting their least common denominator (LCD).

(x—1)" = (x+ Ax—1)°
(x+ Ax—-1) (x —1)

Ay =

Recall how to expand square of a trinomial:
(a+b+c) =a’+b?+c’ +2ab +2ac + 2bc
x? —2x +1)— [x2 +(AX) +1+ 2xAX - 2x — 2Ax]
(x+ Ax—1)(x —1)
—(Ax)’ — 2xAX + 2Ax
(x+Ax—1)°(x —1)

o

Ay =

Factor-out Ax from the terms at the right of the above equation.
AX(= Ax = 2x + 2)
(x+ Ax —1)(x —1)
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Step 3: Divide the resulting equation in Step 2 by AX to define ﬂ

AX

Ay - AX-2X+2
AX (x+Ax -1 (x-1)

Step 4. Take the limit as x approaches zero of both sides of the above equation.
—AX—2X+2

lim
MO0 (x+ Ax—-1)% (x-1)°

L L . dy —AX=2X+2
From the definition of derivative of a function — = lim
dx 40 (v 4 Ax—1)% (x-1)°
Therefore, Y __ 072x+2 _—2x+2_ -2(x-1) _ -2

dx  (x+0-17(x-1 (x-1)*  (x-1)* (x-1)

The derivative above is true to all values of x, provided x # 1.
dy -2 -2

Therefore, at x = 2, I (2 _1)3 (1)3

2.4. The Slope of the Tangent Line and the Derivative

Consider two distinct points P(x, y), a fixed point, and a variable point

Q(X +AX, Y + Ay)on the graph of function y = f (x) Line PQ is a secant while line PT
the tangent line to the curve at point P .

Qle+Av,y+4y)

>

=
-

—

«--- P

Let point Q approach point P along the curve. From the figure, we see the slope of

the secant line PQ = % = % .AsQ — P, thatis, as Ax — 0, the slope of PQ takes
X

the slope of the tangent line at P as its limit. Thus, by definition,
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Slope of tangent line at P(x,y) = lim_ i—z = 3—yat point P(x, y)
X

AX—>

Equation of tangent line at (x;,y,): y-vy, = g_y(x ~X,)
X

The slope of the tangent line defines the slope of the curve at the point of
tangency. Thus,

Slope of the curve y = j—yat point (x,y,)
X

Recall that a normal line to the curve of y= f(x)is perpendicular to the
tangent at the point of tangency (x,, y, ). Therefore, the slope of the normal line is the
negative reciprocal of the slope of the tangent.

In symbol form, slope of normal line at (x,y,)= - % at(x,,y,) Thus,

dx

Slope of normal line at P(x,,y,) = - % point P(x,, y,)
dx
Equation of normal line at (x;,y,): y-V, = —%(x - X,)

dx

Example 2. Find the slope and equation of the tangent and normal line to the
a). parabola y = 5x*at point (1,5).
b). hyperbola y = Jx at point (4,2).

Solution:

a). parabola y = 5x”at point(1,5)

To findg—y, for the moment that we have not discussed the rules on
X

differentiation, we use the increment method.
y + Ay = 5(x + Ax )’

Ay =5(x + AX)* —5x* = 5[x2 + 2XAX + (Ax)z]— 5x°
Ay =5x* +10xAx + 5(Ax)* — 5x* =10 xAx + 5(Ax)’
Ay =5AX(2x + Ax)

Ay _ 5(2x + Ax)
AX
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dy Ay

—~=1lm — = lim 5(2x+ Ax) =52x+0) = 10x
dx ax-0 Ax Ax—0
At point (L5), SX*=10@)=10-
X

Therefore, the slope of the tangent line to curve y = 5x°, which is given byj—y is
X
10.We use the point-slope form of the equation of a line to find equation of the

tangent line at point (1,5). Thatis, y—-y, = m(x — xl) wherem = j—y =10 and the point
X

is(15).

y—-5=10(x-1)

y-5=10x-10

10x-y-5=0
Hence, equation of the tangent line at (1,5) islOx—-y-5=0.
The slope of the normal line (1,5)is equal to — % = —%and its equation is

dx
1
—5=-—(x-1

y TG

10y-50=-x+1

Xx+10y-51=0

b). hyperbola y = Jx at point (4,2)
We replace y by y + Ay and x by x + Ax.

y + Ay =X+ Ax
Ay =X+ Ax —~/x
To arrive at an equation having Ax as common factor of the terms at the right
side of it, we multiply and divide the right side by X+ AX +x which is the

conjugate of VX + AX — Jx . That is,

\/X+AX+\/;
Ay =x+Ax —fx S22 TN
¢ \/X+AX+\/;

\/X+Ax—\/;X\/x+Ax+\/;)

Simplifying the right side, Ay = (
X+ Ax +/x

Observe that the numerator of the fraction is the product of the sum and
difference of two terms which when multiplied results to a difference of two squares.

That s, (a+b)a—b)=a’ —b*. Hence,
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(»\/X+Ax)Z —(\/;)2
VX + Ax +\/;
(X + Ax) - x

yz'\/X+AX+\/;

Ay

A

Ay = Ax

VX + AX +/x
Ay 1
AX  A/X+ AX + \/;
dy i 1 1
dx oot SrAax+vx Wx+x 2
At point (4,2), slope of the tangent to the hyperbola is equal to dy = =

dx 2\/Z

- =
>

1
4
To the hyperbola at point (4,2), equation of the tangent line is
1
-2=—(x-4
y-2=2(x-4)

4y -8=x-4
X—4y+4=0

At point (4,2), slope of the normal to the hyperbola is equal to - L1 —4 and

dy
dx

NS

its equation is: y—2= —4(x _4)
y—-2=-4x+16
4x+y-18=0

2.5. Derivatives of Algebraic Functions
An algebraic function is one formed by a finite number of algebraic operations on

constants and/or variables. These algebraic operations include addition, subtraction,

multiplication, division, raising to powers, and extracting roots.

Description Differentiation Rule/Formula
d
1. Derivative of a constant : &(C) =0
2. Derivative of a variable x with _ i(x) 1
respect to x " dx
3. Derivative of power of variable x _ _(an ) — enx™
with respect to x " odx
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4. Derivative of square root of variable a Jx = 1
x with respect to x dx 24x

5. Derivative of ratio of a constant to dfc _-¢
variable x dx(x) x?

6. Derivative of a sum/difference of d d d

—|f(x)x =—f(x)t—

functions of a variable dx [ (x) (X)] dx (x) dx 9(x)

The following differentiation formulas were derived using the 4-Step Rule of

differentiation. They facilitate finding derivative of a

function. On the given table of

differentiation rule/formula, x is a variable; cand n are constants.

Example 3. Using the appropriate differentiation rule,

a). y=x"—4x*+6x-8

dy

dx

find

First, differentiate both sides of the given equation using Rule 6, that is,

L f(x)+ ig(x)1 . Therefore,
dx dx J

()~ (ax)+ 2 (6x)

dx dx

& 109z

dy _d
dx dx

Then, apply %(cx"): cnx" andj—x(c) =0.

dy 31 2-1 dx
— =3 —4(2 6| — 0
dx X ( )X i (dx}r( )

j—y:3x2—8x+6(1):3x2—8x+6
X

b). y:3x3—6x+i

X
dy d ., 4 d d (4
2 __ 3 —-—(6 — | =
dx dx(x) dx( X)+dx(xj
y ) dx -4
—=3(3x")-6| — —
)45 (%)
Y _q 2—6(1)—i
dx x’
d—y=9x2—6—i2
dx X

+_

9 (-9)

dx
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C). y=§—4x+4\/;
X

dy d

e pn— E —4 d_X +4i\/;
dx dx\{x dx dx

j—i = ;—3—4(1)+ 4(%}

d).y = (2x* -3f

First, we expand the right side of the given equation to bring it into a sum of
terms. This is done by using the special product square of a binomial, that is,

(a+b)’ = a?+2ab+b?. Hence,
y = (2x2 —3)2
y=4x"-12x*+9

ay _ 4 -9 o) &
= (ax*) - (12x2)+ - (9)
dy_ 41\ 2-1
d—x_4(4x )-12(2x**)+0
d—y=16x3‘—24x=8x(2x2—3)
dx
3
). y- Y
X

First, we expand the numerator to reduce the given ratio into a sum of terms
by using the special product cube of a binomial (a+b)’ = a®+3a’b +3ab? —b*. Then,

divide the result by x°. Hence, we arrive at

(4x)° - 3(4x)" () + 3(4x)1)" - (@)

2

X
_64x°—48x* +12x -1
XZ
_64x° 48x° Jex 1
x° x° x> x°

y:64x—48+£—x"2
X
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Therefore, v i(64 X)— i(48)+ i(gj - i(x‘z)
dx dx dx dx \ x dx
d—y:64(d—xj—0+£_122j—( 2x72%)

dx dx X
dy 12 _ 12 2
d—X=64(1)—7+2X 3264—74-?

dy 64x°—12x+2 2(32x°—6x+1)
dx x° X

f). y= (3x4 —2x° +4x—1Xx5 —4x+ 2)

Get the product of the two factors at the right side of the equation to bring it
into a sum of terms. Doing so will result to

y =3x" —2x" +4x° —13x° +6x* +8x°* —20x* +12x -2

9 _ 9 o) 9 on)e L) 13 )o 9o )+ S x)- Y aox)s L 2n)- &
&_dx(3x) OIX(zx )+ OIX(4x) dx( 135 )+ OIX(6x )+dy(8x) OIX(20x )+dx(12x) e

j—i = 3(9x%)—2(7x° )+ 4(6x°) - 13(5x* )+ 6(4x° ) + 8(3x* ) - 20(2x) + 12(1) - 0

j—y=27x8—14x6 +24%° —65x* +24%% +24%x% — 40X +12
X

Example 4. Find the slope of the given curve at the indicated point using the
appropriate differentiation rules.

a).y = (ax? +3); (%,16}

Solution:
First, we expand the right side of the given equation as square of a binomial.

y = (432 +2(4x?)3)+ (3)
y=16x"+24x*+9

Differentiating results to j—y =16(4x°)+ 24(2x)+ 0 = 64 X° + 48x
X

. (1 dy 1Y 1 1
Atpoint| =16 |, — =64 — | +48| — |=64| — |+24=8+24 =32
2 dx 2 2 8

Since the slope of the curve at the point of tangency is defined by the slope of

1
the tangent line at that point, therefore, slope of the curve at (E ,16) equals 32.
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b).y=&+§; (4,4)

Solution:
Differentiating using the appropriate differentiation rules yield

d_y_L{—_SJ
dx  24/x  \x?

. dy 1 8 1 8 1 1 1-2 1
At point(4,4), — = - = —— == T
point(44) dx 244 (4F 2(2) 16 4 2 4 2

Therefore, slope of the curve which is defined by the slope of the tangent line

at(4,4)is equal to - % :

There are instances that we need to differentiate power, product, quotient and
the like involving polynomial functions of a variable. Listed next are the

differentiation rules where u, vandware functions of variablex; ¢ andn are

constants.

Description Differentiation Rule
1. General Power Formula

ny\_ n—ld_u
(cu )—cnu ™

dx
2. Special Power Formula : d 1 d

B T )

dx 2 u dx

i(uv) = ui(v)+ vi(u)

3. Product Formula

dx dx dx

4. ial P F 1

Special Product Formula —(uvw):uvi(w)+uwi(v)+vwi(u)

X dx dx dx

5. Quotient Formula : d d
d (u V&(U)—U&(V)
d_x(Vj - v?

6. Special Quotient Formula | d(c) -cd
gfe).zedy)
dx\u u® dx

Observe how the differentiation rules are used on the following examples.

Example 5. Find the derivative of the following functions using the appropriate
differentiation rule.

a). y= 4(2x2 —3)2
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Recall that this was already differentiated during our previous discussion. But

this is done by expanding the given square of a binomial, then followed by the use of
the formula on derivative of a sum/difference.

Now, the differentiation process is made a little shorter through the use of the
d ~ du
more general power formula d—(cu " ) =cnu"* d—; where:
X X

u=2x>-3,n=2, c=4
du

— =2(2x)=4x
™ (2x)

Substitution on the formula results to

j—i = 4(2)(2x* - 3)(4x)

dy

_ 2
=% x(2x? -3)

b). y = (3x* —2x% + 4x—1)x° — 4x+2)

Here, the differentiation process requires the use of the product rule

di(uv) =u di(v)Jr vdi(u) . This is to avoid the task of bringing the product of the two
X X X

factors into a sum of terms. Hence, where:

u=3x*-2x>+4x-1 V=X —4X+2
W ok _ax+a d—V=5x4—4
dx dx

Substitution on the differentiation formula yields

v (3x* = 2x% + 4x —1)5x* —4)+ (x° — 4x + 2)12x° — 4x + 4)

dx
gy:15x8—10x6+20x5—5x4—12x4+8x2 16X+ 4+ (12X° - 48X* + 24 — 4X° +16X° ~BX + 4X° ~16 X +8)
X
3—y= 27 X% —14X° +24X° — 65" + 24%° + 24 X% — 40X +12
X
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0 y_1—2x
' 1+ 2x
d d
dlu vd—(u)—ud—(v)
We use here the quotientruled—(—j: X 5 X where:
X\ V v
u=1-2x v=1+2x
d_u=_2 d_V=2
dx dx

Substitution on the quotient formula results to
dy  (1+2x)(-2)-(1-2x)2)

dx (1+2x)

dy _ 2[-(L+2x)- (- 2x)]

dx (1+2x)’

dy 2[-1-2x-1+2x] 2[-2]
dx (1+2x)° (1+2x)*
dy -4

dx (1+2x)

d). y=+v4—2x-3x?

We apply the special power formula i\/_ = Li(u), where:
dx 2\/U dx
u=4-2x-3x° d—u=0—2—6x=—2(1+3x)
dx
Therefore, @ _ L [-2(1+3x)]
dx  2v/4-2x-3x
dy 1+3x
dx  \4-2x-3x°
3
e, y=—1—-—
-y x*+12x° -6

We apply the special quotient formula i(gj = _—Zci(u), where:
dx u u® dx

c=3, u=x"+12x*-6, 3—u=4x3+24x=4x(x2+6)
X

dy 3
Hence, Feiaie (x“ o 6)2 [4x(x2 + 6)]
dy _ —12x(x2 + 6)

dx (x4 +12x% - 6)2
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The previous example can also be differentiated using the quotient formula

0

d d
v (u)-u—(v)
i[EJz dx 5 dx ,where: u=3 d_u=
dx\ v Vv dx

v=x*+12x*-6 %:4x3+24x
X

Applying the quotient formula yields
dy  (x* +12x* —6)0)—3(4x° + 24x)
dx (x* +12x° -6
dy  —3(4x*+24x)  —3(4x)(x* +6)
A (x“+12x°-6f (x*+12x*—6f
dy —12x(x*+6)
dx x*+12x*-6

3x—4
f.y= I
d(u vj(u)—u(;j(v)
Use the quotientformula—(—jz X 5 X , Where:
dx\ v Y
u=3x—-4 v:\/;
du . dv_ 1
dx dx 2\/;

Applying the formula leads to
\/;(3)_3( 1 j 3Jx(2vx)-3
dy _ 24/x 24/x

dx X X

dy 6x-3 1 6x-3

dx  2dx X 2xJX

dy  3(2x-1)
dx  2x4/x
_(-x)2-x°)
g)' y - 3X2
Again, the quotient rule will work here to differentiate the given function of x
,where: u=(1-x)2-x%) v =3x°
du ) 3 dv
— =(@1-x)-3 2-x*)-1 — = 6X
U _ 1) -k o
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j—u:—3x2+3x3—2+x3=4x3—3x2—2
X

Observe that (;_u was obtained using the product formula. Substitution of the
X

d (Ej ) v(i((u)—uc(ljx(v)

above on the quotient formula ™ > results to
X v

dy  3x*(4x* —3x* —2)- (1-x)2— x*J6%)

dx (3)(2)2

dy 12x° -9x* -6x’ —6x(2—2x—x3 +x4)

dx ox*

dy 12x° —9x* —6x* —12x+12x* +6x" —6x°

dx ox*

dy 6x°—3x" +6x° —12x

dx ox*

dy 3x(2x* - x° + 2x - 4)

dx 9x*

dy 2x'-x*+2x-4

dx 3x°

4x 1)
h). y:( > )
X
d(u v —ui(v)
We use the quotient formula—(—j: dx 5 dx , having
dx v v

u=(4x-1y v=x’
OI—“:3(4x—1)2i(4x—1) N _ oy
dx dx dx
W sax-1)(a)
dx
OI—u=12(4x—1)2
dx
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du . I
Note that we gotd— using the general power formula. Substitution on the
X

x?[12(4x ~1)? |- (4x -1)° (2x)
2\2
(x*)
To simplify, bring-out the common factor from the terms on the numerator.

2x(4x —1)°[6x — (4x —1)]

X4

2x(4x — 1)2(6x 4% +1)
x*
2x(4x - 1)2 2x +1)
x*
2(4x—1)*(2x +1)
X3
Note: It is advised to always express, if ever possible, the derivative of a function in
its factored-form.

3 4
D). y= X +8
2x% -1

To differentiate the given function, first, we apply the power formula
3

quotient formula gives y'=

du du
—(cu ”)z cnu"* —, where: u = —andn=4. However, to know—, we use the
dx dx 2x° -1 dx

quotient formula. That is,

du _ (2x° -1)3x*)- (x* +8)6x*)

dX (2X3 _1)2
du _ (6x° -3x*)-(6x°+48x") _ -51x’
dX (2X3 _1)2 (2X3 _1)2
3
Therefore, d_y=4[ X33+8J | -s1x? |
o2t o o7

dy  —204x*(x*+8)
A (2x? —1f(2x® -1f
dy —204x2(x3 +8)3
A (2x*-1f
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Example 6. Find the slope of the given curve at the indicated point.

a).y = (ax? +3); (%,16}

Solution:
d n n-1 d . ' dy
We use the power formula —(CU )z cnu"* —(u) to find f'(x)= —=.
dx dx dx
£'(x)= j—y = 2(4x? +3)8x) =16 x(4x* + 3)
X

At point G, 16), slope of the tangent line is given by

j_i’ = f Gj :16(%){4(%}2 + 3} =8(1+3)=32

Since the slope of the curve at the point of tangency is defined by the slope of
the tangent line at that point, therefore, slope of the curve at G 16) equals 32.

b).y =2x*v4-x; (0,0)

Solution: Use the product formula of differentiation, di(uv) =u di(v)+ vdi(u)
X X X
dy f 1 |
— = f'(x)=2x ~1) |+ 4 —x(4x
o 1002 (Do e
dy —-x°
— = +4X~+/4 — X
dx +4-x
L dy —x*+4x(4-x)
Simplify. — =
plify dx =
dy ~—x*+16x-4x" 16x-5x
dx Ja - x V4 - x
Atpoint(0,0), f'(0) = j—y = % = 0. Therefore, slope of the curve at (0,0) which is
X

equal to the slope of the tangent at (0,0) is zero. This implies that the tangent to the

curve at (0,0)is a horizontal line.

Example 7. Find the equation of the tangent and normal line to the graph of y = il
X+

at(1,2).
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Solution: Using the differentiation formulai(EJ = _—fi(u), we goty'= — 4 ~ (1)
dx\u/) u? dx (x+1)
At point(1.2), dy_ -4 4 Hence, slope of the tangent line at (1, 2) equals

dx @+1f 4

1. Using the point-slope form of the equation of a line:

Equation of tangent line at(1, 2):
y—2=-1(x—-1)
y—2=—-x+1

x+y—3=0
The slope of the normal line at point (1.2)is equal to — % = _il =1and its equation
dx
is: y—2=1x-1)
y-2=x-1
X-y+1=0

16
Example 8. At what point is the tangent to the curve y = — - x* horizontal?
X

Solution:

d
Slope of a horizontal line is equal to zero. We, then find d—y which is equal to
X

the slope of the tangent line using the special quotient formula.
dy -16

dx  x° 2

16

XZ

—2X

d
Replace d—y by zero. 0
X

Simplifying, — =-2X

X=-2
Substitute x =—2 on the equation of the curve to find the corresponding value
of'y.

y=——(-2)=-8-4=-12

Hence, the tangent line to the given curve is horizontal at point (- 2,-12).
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Example 9. At what points are the tangent to the curvey = x*+4 parallel to line
y-12x+1=07?

Solution:
Reducing the given equation of line y-12x+1=0 to slope-intercept y =mx +b

gives slope of line equal to 12. This is equal to the slope of the tangent line at the
unknown points. Therefore,

j—i = 3x’
12 = 3%
x? =4
X=22
Substitute x-values on equation y=x’+4 of the curve to get the
corresponding y-values. When x = 2,y =12 while whenx = -2,y = —4. So, the points
on the curve where the tangent is parallel to y-12x+1=0are (2,12) and (—2,—4).

Example 10. Find the equation of the tangent line to the curve y =x*—x-6at the

points of intersection of the curve with the x-axis.
Solution:

First, find the point of intersection of the curve y=x*—X-6and the x-axis
y = 0. Using substitution method,
0=x"-—x-6=(x+2)x-3)
Solve for x, X=-2 and x=3
Thus, points of intersection are (~2,0) and (3,0).
Differentiating, j—y = f'(x)=2x-1
X
Slope of tangent at(-2,0):  f'(~2)=2(-2)-1=-5.
Equation of tangent line at(~2,0): y—0=-5(x+2)

5x+y+10=0
Slope of tangent line at(3,0): f'(3)=2(3)-1=5.
Similarly, equation of tangent at (3,0) 1 y-0= 5(X - 3)
5x-y-15=0

Hence, the equations of the tangent lines to the curve y=Xx’-x-6at the

points of intersection of the curve with the x-axis are 5x+ y+10 =0and5x-y-15=0
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2.6. Derivatives of Higher Order

Ify=f (x) is a differentiable function of x, then, y' or f'is sometimes termed the

first derivative of y with respect to x. If y’ is a differentiable function, then,

Ll y'=y"= f"(read as “y double prime”). This is called the second derivative of y with

dx

respect to x. Likewise, di(y) = y"'= f"is the third derivative of y with respect to x,
X

d
provided y"exists. Moreover, ™ y" =y = £ jsthe nthderivative of y with respect
X

to x, where n is a positive integer greater than 1.

d(d d?
Based on Leibniz notation, j—y is the first derivative, —[—yj = Z . The nth

X dx \ dx dx
derivative of y with respect to x has the notation (; Z or D"y or d df SX)
X X

Example 11. Given: y = 2x° —3x* —6x° —x* —1. Find y"*
y'=10x* —12x°> —18x* — 2x
y'=40x* —36x° —36X -2
y"=120x* - 72x - 36
y'“ =240 x - 72 = 24(10x - 3)

Example 12. x> +4
Differentiate using the formula i\/_ __ 1 du
dx 2\/_ dx
a1 —(x +4)_;(2x): X

dx 2,/X + 4 dx
dy d(dy d X
Now, —
ow dx? dx(dx} dx(,/xz+4J

; H v w-u s )

Using the quotient formula X
X
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1 X2
X* +4@1)-x ————|2x) Jx?+4-
d’y _ @ (2 x2+4j( ): Jxt+4
dx’ (/x2+4)2 x> +4
dzy_(\/x2+4)2—x2_ 1 xX'+4-x2 4
dx? VX2 +4 (X2+4) (x2+4)\/x2+4 \/(x2+4)3
But observe that from the given, they=+/x*+4. Substitute on the above
d’y 4

derivative, therefore, —-=—
dx y

2.7. Implicit Differentiation

If the given function takes the form F(x, y) =0, we find j—y by following the
X

steps listed below.

a). Whenever possible, we solve the given equation of the curve for y and
then, differentiate y with respect to x. This is true only for very simple
equations; for complicated functions, this step is to be avoided.

b). Considering y as a function of x, differentiate each term of the given
equation with respect to x and solve the resulting equation for y’.

Example 13. Find y, given: y* —3x’y —5x* +4=0,

Implicitly differentiating, 2y g—y - 3[x3 j—y + y(3x2 )} -10x=0
X X

2yd—y—3x3d—y—9x2y—10x=0
dx dx

dy
dx
dy 10x+9x’y  x(10 +9xy)
dx 2y-3x*  2y-3%°

(2y—3x3):10x+9x2y

Example 14. Find y", given 2x* — y* =5,

. g e d y d/ o,y d
U licit diff tiation: —12x° )]—- — =—1I(5
se implicit differentiation dx( ) dx(y) dx()
4x—2yd—y=0
dx
dy
—2y—=-4x
ydx
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dy _4x _ 2—X, provided (y # 0)
dx 2y vy
2
Differentiated—y or Yy'with respect to x to get d z =y".
dx dx
O Ay
d, , d?
D)=y ey T T
dx dx? L y J
dy 2x
However, recall thatd— = —. Substitute this on the above y” equation.
Xy
- X(Zxﬂ
2 2
i e B
|L y J vy Ty

But y* —2x° = —(2x -y ) and from the given, 2x* — y* = 5. Substitution of

these on the above y” equation yields

y"=%[— (2x2 ) =— __ Therefore, y"= 0

3 )

Example 15. Find slope and equation of the tangent line to curve 2x* —3xy + 2y’ =2
. 3
at point | —-1,—— |.
b ( ZJ
Implicitly differentiate to find j—y which will give the slope of the tangent line
X
. 3
at the point of tangency(— 1,—5}

d(2x?) . d d(2y?) d(2)
dx —3&(xy)+ dx dx

4x—3xd—y—3y+4yd—y:
dx

dx

dy

—(4y -3x)=3y —4x

o, 4y —3x)=3y
dy _3y-4x
dx 4y-3x

Hence, the slope of the tangent line at (— 1,—%} is equal to
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3 9 -9+8
3-"|-4(-1) _°
_gxz( 2) S

1
_ 2 __z_lﬁq_l
dx 4(_2j_3@1) -6+3 -3 -3 2\3) 6

m

Equation of the tangent line is obtained using the point-slope form y —y, = m(x — x,):

y=[-3)- 5]

2
6y+9=x+1
X—-6y—-8=0

Hence, the slope and equation of the tangent line to curve 2x* —3xy + 2y® = 2 at point

1
[—1,—%} are respectively 5 andx—-6y-8=0.

Example 16. At what point of the curve Xy =6 is the slope of the tangent line equal to

21,
6

d _

By implicit differentiation: x Yy y=0 or dy_-y
dx dx X

From the given condition, j—y = —% . Substitution of this on the above equation
X
results to
1oy, x

6 X

. . 6 o
From the given equation of the curve,y = —, substitution on the above
X

equation gives

(x—6)(x+6)=0
X—6=0 or x+6=0
=6 or X=-6
1 y=-

1
Hence, at points (6,1)and (— 6,—1), the slope of the tangent line is equal to - E .
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2.8. Chain Rule of Differentiation

We are used to havey = f (x)in finding the derivative of y with respect to x. If
this is not the given case, the Chain Rule is one of the most important tools in

differentiation. To find g—y , if:

X
1). y=f(u)andx=g(u) |: dy
dy _du
dx dx
du
2). y=f()andu=g(x) |:| dy dy du
dx du dx
3). x=1f(y) dy 1
dx dx
dy

Note: In Case (b), in many instances, it is conveniently possible to express d_y in terms
X

of x alone.

Example 17. Findj—y ,giveny =t> -3, t=+2x-1
X

Solution:
) dy dy dt ) .
This example falls under Case 2. Therefore, — =—-—. Differentiate
dx dt dx
y = t* —3with respect tot, Thus, (;—i/ =3t2. Now, differentiatet = v/2x —1 with respect
to x. Hence,
dt 1
S e
dx 2+/2x-1
ﬂ 1
dx 2x-1

dy ) 1
Therefore, —4 =3t .
dx [ V2x -1 j

However, from the given, t =+/2x —1. Substitute on the above equation to

simplify gy and have it expressed in terms of x alone.
dx

Therefore, g—y = 3(\/ 2X —1)2[ ] =3v2x-1
X

\/%] = 3(2x 4)(%
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,findd—y.
w+1 dx

Example 18.1f y = (w3 + 1)5 and x =

Solution:
This example falls under Case 1. Differentiate y = (W3 + 1)5 with respect tow.
j—y = 5(w® +1)' (3w?) = 15w (w? + 1)’
w

Using the differentiation formulai(gjz_—ci(u), differentiate x with

dx\u) u® dx
dx -2 -2
respect tow. Hence, — = 1)= )
p dW (W+1)2 () (W+1)2
dy e v 2
Therefore, d—y=d—W=w=15W2(w3+l)4 . (W+1)
dx  dx -2 -2
dw (w+1)
dy 15 , 2( 3
™ oW (w+ )(W + )

y

2

Example 19. Find equation of the tangent line to curve x =

Sat point(1,2).

Solution: Slope of the tangent line is given by j—y which is equivalent to 1 .
X

dx
dy
. . ., dx . : dy
This falls under Case 3. First, find E and later take its reciprocal to have d_x .
dx  (y*=2)(1) -yQy)
dy (y%—2)?

dx y?—2-2y*> —y?-2
dy — (y2-2)2 = (y*-2)?

2 2
Hence, j—y - (yz — 2) __ (y2 - 2)

X —y*-2 y’ +2

Hence, slope of the tangent line at point (1,2) is

ey -2f _er_ 4_ 2

m=-— =
(2f+2 6 6 3

Thus, equation of tangent line using y -y, = m(x - x, ) is
2
_2=—Z(x-1
y ;-1

3y-6=-2x+2
2Xx+3y—-8=0
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2.9. Maximum and Minimum Value of a Function

Sketching the graph of function is better facilitated using the geometrical
interpretation of the derivative of a function as the slope of the tangent line at a point
to the graph of the function. The derivative serves as a great tool in determining at
what point on the curve is the tangent line horizontal; that is, where the slope of the
tangent line or y’ equals zero.

Definition: The function f is said to have a relative maximum value at ¢ if there exists
an open interval that contains ¢, on which f is defined such that f (c)> f(x)

for all x in this interval. Figures A and B each exhibit a sketch of a part of
the graph of the function that has a relative maximum value atc.

Figure A Figure B
AT ~ T
; — o
Relative Maximum: f'(c)=0 Relative Maximum: f'(c)is infinite (a cusp)

Definition: The function f is said to have a relative minimum value at c if there exists
anopen interval that containsc, on which f is defined such that
f(c)< f(x)for all xin this interval. Figures C and D shown below each

exhibit a sketch of a part of the graph of the function that has a relative
minimum value atc.

Figure C Figure D

|
I
|
| I
| |
| |
| I
|
|
! 1
a c b

ooy S .

Relative Minimum: f'(c)=0 Relative Minimum: f'(c)is infinite (a cusp)
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Definition: Relative maximum or minimum value of f occurs at critical points of f . A

critical number of a function f is a value of x, say X,, where f'(x,)=0or

f'(x,) is undefined. A critical point of a function f is the point (x, f(x))on
the graph that corresponds to the critical number x. In Figures A and C on
the preceding page, f'(c)=0since tangent line at point where x=c is
horizontal, while in Figures B and D, f '(c)is infinite since tangent line is

vertical. In the succeeding discussions, relative maximum (minimum)
value will simply be termed maximum (minimum) value.

2.9.1. Concavity Test

There are two possible tests that can be performed to determine and classify
whether a critical point is a maximum, minimum point or neither maximum nor
minimum.

After finding the critical values by getting f'(x)and equating it to zero, do the
following steps to classify a critical value as to whether it is a maximum, minimum
point or neither maximum nor minimum.

a). First-Derivative Test
1. Locate the critical numbers on the rectangular coordinate system to establish
a number of intervals.
2. Determine the sign of f'(x)on each interval.
3. If X=X, is a critical number, assume increasing value of x through x = X, .
Now, if f'(x):
* Changes from + to -, then, X=X, is a relative maximum value and

concavity of the curve is downward.
* Changes from - to +, then, X=X, is a relative minimum value and

concavity of the curve is upward.
* Does not change in sign, then, X = X, is neither a relative maximum nor a

minimum value.

f(x)=0
f(x)<0 x>0
. M <0 \\ -0 /

b). Second-Derivative Test
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A critical number X = X;is

= a maximum value if f"(x,)<0.
= a minimum value if f"(x,)>0.

Note: If f"(xy) = 0 or becomes infinite, the second-derivative test fails. In this case,
the first-derivative test must be used.

Example 20. Determine and classify using either the first-derivative or the second
derivative test the critical point/s of the curve represented by the given
functions.

a). y=3x"-20x°
b). y=x"—4x’-2x* +12x -8

2X
0. y=—;

Solution:
a). y=3x"-20x°
1. First, find the critical numbers of f(x)=3x°-20x’by finding f'(x)using the power
formula. It is best to express f'(x)in the factored form. Here, we use common
monomial factoring method.
f'(x)=15x* - 60x*
£'(x)=15x%(x* - 4)
f'(x)=15x*(x + 2)(x - 2)

2. Set the derivative equal to zero and solve for x.
15x°(x+2)(x-2)=0

15x*=0 or x+2=0 or x-—
x=0 or x=-2 or X =

N
N

0

Hence, these values x=0,2,—-2 are the critical numbers of f where the curve
has horizontal tangents because at these numbers f'(x) that is equal to the slope of
the tangent has a value of zero.

After having determined the critical numbers, we need to classify whether the
value is maximum, minimum or neither using either the first derivative or the second
derivative test. To facilitate doing this task, draw a number line and put down the
critical numbers found.
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-2 0 2
3. Let us use for this example the first derivative test to classify critical number x = -2

. First assume a value of x slightly less than - 2, say — 3, and determine the sign of
f '(— 3) . Then, this time, assume another value of x more than- 2 , say —1, and note
again the sign of f'(-1).
(-8 =+(-))=+
f(-1)=+(+X)=~
Since f'(x) changes sign from + to —as x increases through x = -2, then, x = -2

is a relative maximum or simply maximum. We do the same process at critical
numbers x=0and x = 2.

Atx=0: f'(-1)=+(+)-)=-
(@)= +(+)X)=
Since f (X) changes sign from —to —as x increases through x =0, then, x =0 is
neither maximum nor minimum.
Atx=2: f'1)=+(+)-)=-
£1(3)=+(+)+)=+
Since f (X) changes sign from —to + as x increases through x=2, then,x =2 is

a minimum.

4. Obtain the corresponding function values (the y-values) of the two relative extrema
by substituting each critical number on the original function.

f(-2)=3(-2) -20(-2)’ =64
f(2)=3(2) -20(2) =64
Thus, the relative maximum is located at point (- 2,64) and the relative

minimum is at point (2,64) . The graph of the given curve shown below reveals the

maximum and minimum point determined.

b

———

b
388548 s
w

b). y=x"-4x’-2x*+12x-8

Solution: Find f'(x)and equate it to zero.
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f'(x)=4x*-12x* - 4x+12= 0
The right side of the above equation is factorable by grouping.
f'(x) = 4(x3 —-3x° - x+3)=0
f'x)=x>-3x*-x+3=0
f'(x)=x*(x-3)—(x-3)=0
f'(x)=(x-3)(x*-1)=0
(x=3)x+1)(x—y'(x)=1)=0
X=3 x=-1 x=1
y=-17 y=-17 y=-1
To classify the critical points (3,~17),(-1,—17),and (1,—1), we may perform either
of the following tests:
a). First-Derivative Test:
(3-17): X<3:x=29, f'(2.9)=+(-)+)+)=—
x>3: x=31, £'(3.2))=+(+)+)+)=+
Since f'(x)changes from —to+ as x increases through x = 3, therefore, (3,-17)

is a minimum point.
(-1,-17): x<-1: x=-11, f'(-1.1)=+(-)-X-)=-
x>-1: x=-0.9, f'(-0.9)=+(-)+)-)=+
Since f'(x)changes from —to + as x increases through x = -1, thus, (-1,-17) is
a minimum point.
1,-1): x<1l: x=0.9, y'(0.9)=+(-+)-)=+
x>1: x=1.1, y'@.1)= +(-)+)+)=—
With f (x) changing from + to — as x increases through x =1, hence, (1, —1)is
a maximum point of the curve.

b). Second-Derivative Test
fr(x)=12x* - 24x -4
f(x)= 4(3x2 ~6x-1)
(3-17): £"(3)= +(+)=+, (3,-17)is a minimum point, concavity is upward
(-1-17): f*(-1)=+(+)=+, (-1,-17)is a minimum point, concavity is
downward
@-1): f'@)=+(-)=—, (1,—1)is a maximum point, concavity is upward.

Observe that both tests done yield the same results. The graph on the next
page of the given function reflects the maximum and minimum points of the given
curve.

Basic Calculus



Deivatives of Cllgebraio GFanclians m

|l ,,,,,, ZZ!I
] ud
\ A\

2X
x> +1
Solution: Find the critical numbers by setting f'(x)=0.
()= (x2 +1)2) - 2x(2x)
(x2+1f
(x2 +1)2)-2x(2x)
(2 +1)
2(x? +1)- 4x* =0
2x* +2-4x*=0
2-2x*=0
1-x*=0
L+ x)1-x)=0
x=1 x=-1

c). y=

0=

y=1 y=-1
Use the Second-derivative test to classify the critical points (1,1)and (-1,-1).

£(x) = (x2 +1)2(— 4x)— (2 - 2x2)(2)(x2 +1)(2x)

(x2 +1)4
()= = 4x(x2 +1)[(x2 +12)+ (2 - 2x2)]
(x2 +1)

£r(x) = —4x(x2 +1)(i’>— xz)

() ((Xz +1))
frly) o~ A 3-x?

=y

@1): f'@Q)= =) =—, hence, (1,1) is a maximum point.

+
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(-1-1): f"(x)= —OX) +, therefore, (~1,—1) is a minimum point.
+

The critical points are seen on the graph of the function shown below.

2.10.0ptimization Problems

Words like biggest, largest, most, smallest, least, best, and others can be
translated into mathematical language in terms of maxima and minima. One of the
most important applications of derivative is illustrated on maximum/minimum
optimization problems. Many students find this application intimidating because they
are "word" problems, and no fixed pattern of solution exists to these problems.
However, with their patience, they can minimize their anxiety and maximize their
success with these problems by following the guidelines listed below:

1. Read the problem slowly and carefully. It is imperative to know exactly what
the problem is asking. If appropriate, draw a sketch or diagram of the problem
to be solved. Pictures are a great help in organizing and sorting out ones
thought.

2. ldentify the constant quantity in the given problem. Define variables to be used
and carefully label the picture or diagram with these variables. This step is
very important because it leads directly or indirectly to the creation of
mathematical equations.

3. Identify the quantity to be maximized or minimized and if it shall consist of
more than one variable, express it in terms of one variable (if possible and
practical) using the given conditions in the problem. Experience shows that
most optimization problems begin with two equations. One equation is a
"constraint” equation and the other is the "optimization" equation. The
"constraint” equation is used to solve for one of the variables. This is then
substituted into the "optimization" equation before differentiation occurs.
Some problems may have no constraint equation. Some problems may have
two or more constraint equations.

4. Then differentiate using the well-known rules of differentiation.
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5. Verify that your result is a maximum or minimum value using the first or
second derivative test for extrema.

Example 21. What positive number added to its reciprocal gives the minimum sum?
Let: S bethe minimum sum
x = the required positive number

1 the reciprocal of the number
X

Optimization equation: S = x+ 1 =x—x"'=f (x)
X

Note that this optimization problem has no constraint equation.

s, 1
dx X

For S to be a minimum, 3—8 =0.
X

1
0=1-—

X2

x? -1
X2

0=(x+1)(x-1)
X=1 or X=-1(Reject)

0

Verification of the critical value using the second-derivative test.

1
n -2
S"(x)=1+x =1+X—2
s"()=1+1=2
Since S"is positive or greater than zero when x =1, then, the sum S is
minimum atx =1.

Example 22. Find two positive integers having a sum of 132 and the sum of their
cubes has the minimum value.
Let: S be the minimum sum of their cubes
x be one positive number and y be the other number

Optimization equation: S = x° + y®-----mmmmeemmm- Equation (1)

Constraint equation: x+y =132

y=132 - X oo Equation (2)
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Substitute Equation (2) into Equation (1) and differentiate with respect to x the
S=x*+(132 —x)’ = f(x)

B gy 3(132 - x)*(-1)
dx

result.

0=3[x* - (132 - x)?]
0=x’ —(17424 —264x+x2)
0=-17424 + 264 x
264 x = 17424
X =66
Therefore, y=132 —x=132 — 66 =66
Verification of the critical value using the second-derivative test:
y'(x) =3x? —3(132 — x)’
y"(x) = 6x+6(132 — x)
y"(66)=6(66)+6(132 — 66) = 792

Hence, the sum S is minimum at x = 66 since y"(66) is greater than zero.

Example 23. If the product of the square of one number by the cube of the other is to
be the greatest, find the two numbers if there sum equals 20.
Let: X be one number
Z be the product of the square of one number by the cube of the
other number

_v2,,3
Optimization equation: Z=XY e Equation (1)
Constraint equation: * Y = 20
y=20-x

................ Equation (2)

Substitute Equation (2) into Equation (1).
z=x%(20 - x)* = f(x)

Now, differentiate zwith respect to x.

dz ) d 3 3 d 2
o d—X(ZO—X) +(20 - x) d_x(x )
£ x(3)20 - )*(-1)+ (20 - x)*(2%)
dz

- x(20 — x)*[= 3x + 2(20 — X)|]
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For Z to be the greatest,

XxX=0 or 20—-x=0 or 40-5x=0

x=0 or x=20 or x=8
Take note x cannot be both zero and 20; otherwise, the product zwill have
zero value. Hence, values x = 0and x = Z0are rejected.

Therefore, the numbers are 8 and 12.
Example 24. A box is to be made of a piece of cardboard 9 inches square by cutting
equal squares out of the corners and turning up the sides. Find the volume of the

largest box that can be made in this way.

Let: V be the volume of the largest box that can be made as described above
x be the edge of the square cut from each corner

— — — 2 _
Optimization equation: ¥ = EWH = X(© -29(9 -2 =x(9 -2 " =f(x)

Take note that this optimization problem has no constraint equation.
Differentiate IV with respect to x.

s oKo- 2n)-2)+ 6~ 2
Y xio-20+ (0 20F

0=(9-2x)—4x+9-2x)
0=(9-2x)9-6x)
Equate each factor to zero and solve for the value of x.

(22 (3.3
2 7767

The value x = 2 is rejected since the edge (9 - 2x) of the box becomes zero at this

. 3.
value of X . Therefore, the edge of the square cut from each corner is x = 5 inches.

Substitution of this x value on the volume equation results to
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V= E{g—zgﬂz = 2(9—6)2 = 2(36)= 54

2

Therefore, the volume of the largest box that can be made as described above is 54

inches3

Example 25. A piece of wire 40 cm long is to be cut into two pieces. One piece will be
bent to form a circle; the other will be bent to form a square. Find the
lengths of the two pieces that cause the sum of the area of the circle and
square to be a minimum.

Let: x be the part of the wire bent to form a square of edge s
(40 — x) be the other part of the wire bent into a circle of radius r

For the square part of the wire, P =4s

X=4s
X
S —_ —
4
For the circular part, C=2a
40 — X =2ar
40 -x
27
The sum of their areas: A=s?+ar?
2
A X i 40 — x
4 27
x? 1
A=+ (40 —x)
6 A4r
. . ) dA 1 1
Differentiate A with respect tox. — = —(2x)+-—(2)(40 - x)(-1)
dx 16 A
A_X_ 1 -y
dx 8 2«
x 1
0=2——(40 —x
8 2rx ( )
0 - 4(40 — x)
8rx
0 X —160 + 4x
87
0 x(7 +4)-160
87
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0=x(z+4)-160

X = @ =22.4cm
4z
Therefore, 40 - x=40-22.4=17.6 cm

And, 40 —x =40—-224=17.6cm

Therefore, the lengths of the wire that will give the minimum combined area
of the circle and the square are 22.4 cm and 17.6 cm.

Example 26. Two posts, one 8 feet high and the other 12 feet high, stand 15 feet apart.
They are to be supported by wires attached to a single stake at ground level. Where
the stake should be placed so that the least amount of wire is used?

Let:  xbe the distance of the stake from the shorter pole
L, =+/(8)° +x? L ,
From the given figure at the right, 7 o Ly 12
Likewise, L, = ‘/(12 )2 + (15 h X)z
Thus, total length of wiresused = L = L; + L, x 15
L=/@B) +x? +@2)° + (15 - x)°
Differentiate. 9= = ;(2 X)+ L (2)@5 - x)(-1)
dx  2./@8) +x? 2,2 + (15 - xY
0= X 3 15 -x
V64 +x* 144 + (15 - xY
o X144 + (15 — x)* — (15 — x)V'64 + x*

V54 + xz[\/144 +(15 - x)zj
0= xy/144 — (15 — x)* — (15 — x V64 + x°

Solve the radical equation. (15-x)?(64 + x*) = x? [144 + (15 - X) 2]

(15 - x)* (64 + x2 )= x2[144 + (225 - 30x + x* ]

64(225 — 30 + x? )+ x2(225 — 30x + x? )= x2(369 — 30 + x?)
1400 —1920 x + 64x* + 225 x> —30x® + x* =369 x* —30x> + x*
0=80x? +1920 x — 14400

0=x*+24x-180

0=(x-6)x+30)
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x=6 or x=-30 Rejected

Thus, the stake should be positioned 6 m from the shorter post or 9 m from the longer

post.

2.11. Optimization Problem Using Implicit Differentiation
On the following optimization problems, observe how some of them are solved
using two methods of solution and one of which is by implicit differentiation.

Example 27. Resolve Example 23 by using implicit differentiation.
Let: x and y be the numbers

Constraint Equation: 7 "/ 7 % cemmmmmmoeeeee- Equation (1)

Optimization Equation: “7 7" ¥ -ememmmmmoooeee Equation (2)

. . . dz
Here, there is no need to express Z in terms of one variable. Rather, to getd—, we
X

use implicit differentiation and equate the derivative to zero.

9z _ x2[3y2d—yj +y*(2x)
dx dx

dy 2y
dx B Equation (3)
Likewise, differentiate Equation (1) implicitly with respect to x.
dy

1+—==0
dx

dy _
L — Equation (4)
Substitute Equation (4) into Equation (3).

_1:—_2}/
3X

2 Equation (5)
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Substitute Equation (5) into Equation (1) to get an equation in terms of one
variable. Solve the resulting equation for the value of the variable.
3X

X+-—=20

2
2x+3x=40
5x =40
x=28

Substitution into Equation (1) or Equation (5) will give the corresponding
value of y. Hence, y = 20 — 8 = 12. Therefore, the numbers are 8 and 12.

Example 28. A rectangular lot of area 150 m?. What should be the dimensions of the
lot for it to be enclosed by the least amount of fencing?
Let: xandy be the dimensions of the rectangular lot

P be the perimeter of the lot which is equal to the least amount of
fencing needed to enclose the lot.
A be the area of the lot

A =150 m”’ (a constant)

Method (1). Area of rectangular is given by equation A = xy.

Constraint equation: 10 =xy Equation (A)
150
X oo Equation (1)
P=2x+2y

Optimization equation: = = " 7 mememees Equation (2)
Substitute Equation (1) into Equation (2):

P=2x+ Z(ﬁJ
X

P=2x+@:2x+300x’1= f(x)
X

Differentiate P with respect to variable x and equate its derivative to zero for
P to be the least amount of needed fencing.

aP _ 2-300x2
dx
0=2-300x"
x? =150

x =150 =./25(6) =5/6
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y=0 _ /150 =546

Substitute into Equation (1): V150

Therefore, the rectangular lot is a square measuring 56 m by 56 m. Hence, the
lot is square in shape.

Method (2). Resolve the problem using implicit differentiation.

Differentiate Equation (A) with respect to x.

dy
0=x—+
dx y
y__y
(0 S Equation (3)

Differentiate Equation (2) with respect to x, substitute Equation (3) into the
resulting equation and, then, equate the derivative of P to zero.
d—P =2+ 2d_y
dx X ........ Equation (4)

d—P:2+2(—Xj
dx X

0-2-2
R — Equation (5)
Substitute Equation (5) into Equation (1).
150
X=—
X
x* =150

x=y =+/150 =56

Example 29. The strength of a rectangular beam is proportional to the breadth and
the square of the depth. Find the shape of the strongest beam that can
be cut from a log of diameter 24 inches.

Let: W be the breadth of the beam and L be its depth

S be the strength of the beam -

Optimization equation: S=wL?
Differentiate S implicitly with respect to W.

a5 :W£2Ld—Lj+ Q) N

dw dw

For S to be the greatest, :—S =0.
w

Basic Calculus




Deivatives of Cllgebraio GFanclians m

------------------------ Equation (1)
By Pythagorean Theorem, (24)* =W ? + L? -=-----nnnnnnnne- Equation (2)

Differentiate implicitly with respect to x.

0=2wW +2Ld—L
dw

a_w
dw S — Equation (3)

Substitute Equation (3) into Equation (1).

0=2LW(—V%j+L2

0=-2W2+L?
L2=2W?
L=2W

Therefore, for the beam to be the strongest one, the depth L must be v/2 times the
breadth W.

Example 30. Find the shortest distance from the point (5,0)to the curve 2y? = x5.
Let: (x,y) be the point on the curve 2y? = x3 nearest to point (5,0)
D the shortest distance from to point (x,y) to point (5,0)

Method (1).Use distance formula between two points and use implicit differentiation
with respect to X.

— _ 2 2
Optimization equation: D= V(X 5)°+y Equation (A)

d—D=;{2(x—5)+2yd—y} \
dx  2,/(x-5) dx o
(xy) 2y =
2 (X - 5)2 dx (5, 0)
0=2(x-5)+2 &y
= y
dx
dy  (x-5)
ox Yo e Equation (1)
Constraint equation: 2y* =x’
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Differentiate implicitly the given equation of the curve with respect to x.

dy 2
4y — =3x
ydx

@ _3¢

dx 4y . Equation (2)

Substitute Equation (1) into Equation (2).

_(x=5)_3x
y 4y

—4(x-5)=3x"
3x* = —4x+20
3x* +4x-20=0
(3x+10)x-2)=0
3x+10=0 or x-2=0

1
x:——o or x=2
3

: 10 . : . .
We reject x = — 3 since corresponding y-value is imaginary. Thus, we use x =2 and

substitute it on the given equation of the curve to get the corresponding y-value.
Therefore,

2
Thus, the shortest distance D= \/m =J9+4=413

3
Method (2). From the given equation of the curve, y* = X? Substitute this on

Equation (A), differentiate D with respect to x and set (jj—D =0.
X

3
D=,/(x-5F+2
(x-5F +2
D =42(x-5) +x°

dD _ 1 o EY)s 32
o e ks
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0=4(x-5)+3x°

3x* +4x-20=0
(3x+10)(x—2)=0

3x+10=0 or x-2=0

1
x:——o or x=2
3

Compare the results of Method (1) with those of Method (2). Thus, the shortest
distance D = /13.

2.12. Time - Rates
d
If the value of a variable y depends on the timet, then,d—)t/ is called its time-

rate or rate of change with respect to time. When two or more quantities, all functions
of t, are related by an equation, the relation between their time-rates may be attained
by differentiating both sides of the equation with respect to timet . Basic time-rates

_ ds . dv . dy . e
are velocityv = pm and acceleration a = i If the time-rate at is positive, it means

the quantity y is increasing with time.

Steps in Solving Time Rates Problem
1. Identify what quantities are changing and what are fixed with time.
2. Assign variables to those that are changing and appropriate value (constant)
to those that are fixed.
3. Find an equation relating all the variables and constants in Step 2.
4. Differentiate the equation with respect to time.

Example 31. Air is being pumped into a spherical balloon at a rate of 5 cm3/min. Find
the rate at which the radius of the balloon is increasing when the radius
of the balloon is 10 cm.

Solution: Both the volume V and the radiusr of the balloon will change with time

while the balloon is being inflated. That is, they are both functions of time. Hence, we

have V(t)andr(t). We need to relate these two quantities to each other and that is

dv
with the formula for the volume of a sphere. It is given thatE =+5cm?3/min and we

wish to know the time-rate of r represented byg—:when r =10 cm. Observe that dd_\t/

is given a positive sign because volume increases while the balloon is being inflated.

Volume of sphere is given by equation V =—7ar" - Equation (1)
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Recall that the rate of change of the radius is nothing more than the derivative
of r with respect tot. We differentiate (1) with respect tot.

d—Vziﬂ(Srzd—rj=4m2d—r

dt 3 dt dt

Substitute the given information.
d

,
5=47(10) —
+ ;r()dt
dar 5 1 1

dt  4(100)r 4(20)r 80z cm/min

1
Therefore, the time-rate of radius of the balloon is increasing at a rate of W
T

cm/min.

Example 32. A ladder 20 feet long leans against a vertical wall. If the top slides
downward at the rate of 2 feet/sec, find

itis 16 feet from the wall.

9[Y -

20
Solution: The length of the ladder remains constant
with time at a value of 20 feet. Looking at the given
figure, the quantities changing with time are the Pa— 44 :
distance x of the foot or lower end of the ladder SoJac
from the wall and the distance y of the top of the ladder from the ground. The given

information is the time-rate of y , that is, d—i/ = —2feet/sec which is given a negative

how fast the lower end is moving when T 1
Y

sign since y decreases with time and we wish to know the time-rate of x, that is m
when x = 16 feet.

The equation that relates quantities changing with time is obtained using

Pythagorean Theorem. y2 + x2 = (20)? -----mmmmeee- Equation (1)
Differentiate with respect to time. 2 yz—): + 2x(;—: =0
dy dx .
— 4+ X—=0 - Equation (2
Yo  q q (2)

Substitute x =16 into Equation (1) get the corresponding value of y.
y? +(16)? = (20)
y® =400 - 256 =144
y =12 feet
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dx

Substitute into Equation (2). 12(-2)+16 o 0
X
16 X _ 2
dt
dx_24_3 ft/sec
dt 16 2

dx P s : 1
Take note that the computed pry is positive since x is increasing with time.

Example 33.Water is flowing into a vertical cylindrical tank at the rate of 24 ft3/min.
If the radius of the tank is 4 feet, how fast is the surface rising?

Solution: The quantities that are changing with time
are the depth h and the volume V of the water in the
cylindrical tank. The radius of the tank remains
constant with time at a value of 4 feet. The required

h
quantity in this problem is the time-rate of h or(:;—t .

dv
The time-rate of volume E:+24 ft3 /min; it is

positive, just like time-rate of depth h, since the volume of water in the tank increases
with time.
At any time t, volume of water in the cylindrical can is given by equation
V =nr?h = n(4)*h = 16mh
Differentiate both sides of the equation above with respect to time.

v =167 dn
dt dt
. . . . dh
Substitute the given information. +24 =16~ pry
dh 24 3
— =——=—{ft/min
dt 167 27

Example 34. A man 6 feet tall walks away from a lamp post 16 feet high at the rate of
5 miles per hour. How fast does his shadow lengthen?

Solution: Let the length of the man’s shadow at any time be S and his distance from

the lamp post be x; the given time-rate is ((jj_)t( = +5 miles/hr; the required

: N
time-rate is —.
dt
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Detts f lltc Gt Chaper 2
By similar triangle: Ez 16 (w\
S S+X \,af
6(s + x) =165
65+6X =165 161t
10s = 6x Gft{ﬁ'
6 3 G Y
S=—X==X o
10 5 1—4(—»
X s

Differentiate s with respect to time ¢t.
%:§%=§(+5):3miles
dt 5dt 5 hr

: : il
Hence, the shadow of the man is lengthening at the rate of 3 m;lres.

2.13. Derivatives of Transcendental Functions
Transcendental function is a function that is not an algebraic function.

Transcendental functions include trigonometric functions, inverse trigonometric
functions, exponential and logarithmic functions.

A. Derivatives of Trigonometric Functions
Let u be a differentiable function of x.

1. isinu:cosud—u 4, icotu:—cs<:2ud—u

dx dx

dx

dx

d . du
2. —C0SU=-Sihu—
dx dx

d du
5. —secu =secutanu—

dx

dx

3. itam u=sec’u du
dx dx

d du
6. —CSCU = —csu cot u —

dx

dx

It is but wise to review some basic concepts and commonly used trigonometric
relations/identities that facilitate the differentiation process and the simplification of
derivatives of trigonometric functions.

A.1. Trigonometric Functions of Angle A with
Point P(x, y) on Its Terminal Side

A.2. Trigonometric Functions of
Quadrantal Angles

0,1
1. sin A:X 4. cscA=L (‘ )
r y
X r
2.cos A== 5.5eCA=— (=1,0) (1,0)
r X
3. tan A=Y 6. cot A= > A4
X y
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A.3. Trigonometric Functions of Special Angles

Use the SOH-CAH-TOA definitions of the trigonometric functions of the special
acute angles.

45" 60"
\/2_ 2
1 1
45° ] 30° []
1 NE)
A.4. Basic Relations for Trigonometric Functions
1. tan A= sin A 5.cot A=
cos A tan A
cos A
2. cot A=— 6.sin*A+cos’A=1
sin A
1 2 2
3.secA= 7.1+tan“ A=sec” A
cos A
4. csC A =— 8.1+cot’ A=csc? A
sin A

A.5. Trigonometric Functions of Negative Angle
1.sin(—A)=—-sin A | 3. tan(— A)=—tan A | 5. sec(— A)=sec A
2. cos(— A)=cosA | 4. csc(—A)=—cscA | 6. cot(— A)=—cot A

A.6. Sum and Difference of Two Angles Identities

1. sin(A+ B)=sin AcosB + cos Asin B

2. cos(A+B)=cos Acos B+sin Asin B
tan A+ tan B

1+ tan Atan B

3. tan(A+B)

A.7. Double Angle Identities

1. sin 2A = 2sin Acos A 4. cos2A=1-2sin?A
2tan A

= 2 A _gjn? 5. tan2A=——
2.CosS2A=cos“ A-sin“ A 1_w@n’A
cot?’A-1

3. cos2A=2cos? A-1 6. COt 2A=—— =
2cot A
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Example 35. Find g—y of the given functions.
X

a) y=sin (Zx2 —1)
Solution: Use iSin u = cosu d—uwhere: u=2x>-1 andd—u =4x.
dx dx dx
dy

Hence, = cos (2x? —1)- (4x) = 4xcos(2x? 1)
b) y= cos(x2 + 4)3

Solution: Use icos u=-sinu d_u
dx dx

where: u = (x* + 4) and (;_u =3(x?+4) - (2x) = 6x(x? + 4] .

X
Therefore, j—i = —sin (x2 + 4)3 [GX(XZ + 4)2]: —6x(x2 + 4)2 sin (x2 + 4)3 .

) y= csc(%)

Solution: Use icsc u=-—csucotu d_u where: U = landd—u = —iz .
dx dx X dx X
Hence, _ —csc[lj cot(ij : (— izj = %csc(l) cot(ij .
dx X X X X X X
d) y=cot/2x
Solution: Use iCot u=-cscu d_u where: U =+/2X andd—u = L .
dx dx dx 2+/2x

csc?v/2x .

dy ) 1 1
Therefore, — = —csc®/2x - __
o =%

e)y= %tan xsin 2x

Solution: Use the product formula iuv =u av + vd—u
dx dx dx

where: u = tan x V =Sin 2X

W _seczx I (cos 2x)(2) = 2cos 2x
dx dx
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Therefore, j—y = %[(tan x)(2cos 2x)+ (sin 2x)(sec? )|
X

dy

1.
= tan xcos 2X + —sin 2xsec? x
dx 2

However, the above derivative can further be simplified using the appropriate

. .. . . sin X . .
trigonometric identities. That is, tan x = ——,c0s 2x = 2¢0s° X —1, sin 2x = 2sin xcos X
COS X

and sec x = .
COS X
dy si 1, . 1Y
Hence, &y _3nX (2cos? x 1)+ = (2sin xcos x)( j
dx cos x 2 oS X
d_yzz(sm choszx— sin x , sin x
dx COS X COS X  COS X
ay = 2sin XC0S X
dx
ay =sin 2x
dx
1-cos 2x
Dy= 1+ cos 2x
S dv
Solution: Use the quotient formula du = M
dx v v
where: u =1-cos 2x v =1+ cos 2x
du_ —(~=sin 2x)(2) = 2sin 2x v _ (= sin 2x)(2) = —2sin 2x
dx dx
dy (1+cos2x)(2sin 2x)— (1- cos 2x)(— 2sin 2x)
Thus, — = 5
dx (1+ cos 2x)
dy _ 2sin 2x+ 2sin 2xc0s 2X + 2sin 2X — 2sin 2x cos 2X
dx (1+ cos 2x )’
dy  4sin 2x

dx  (1+cos 2x)
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g) y=sec*(x’)

Solution: Use the general power formula dicu "=cnu""! g_u )
X X

du
where: n=4, u=secx’ and o (sec x* tan x* )3x?)
X

Therefore, j_y = 4(sec x3)3 (3x2 Xsec x® tan x3)
X
dy _ 12 x*sec* x* tan x°
dx

But, y =sec* x*. Hence, j—i =12x’ytan x°.

h) y=sin(x+y)

Solution: Use Implicit differentiation.
y'=cos(x+ y)1+y")
y'=cos(X+ Yy)+ y'cos(x+Yy)
y'—y'cos(X + y) =cos(X + y)
y'[1 - cos(x + y]=cos(x + y)

cos(X +Y)
- 1-cos(Xx+Yy)

i) xcosy +ycosx = 2
Solution: Use implicit differentiation.

x{— sin y j—y} +c0s y + y[-sin x]+ cos x(d—yj =0
X

— xsin xd—y+cos xd—y: ysin X —cos y

dx dx
3—y(— Xsin X + cos x)= ysin x —cos 'y
X

dy  ysin x—cosy

dx — xsin X + cos x

Example 36. Find equation of the tangent line to the curve y = xcos x at the point
wherex =7.

Solution: To get the equation of the tangent line, we need to know its slope and the
point of tangency.
Find the slope the tangent by differentiating the given function. Hence,

dy . .
d—=x(—sm X)+ C0S X = —XSin X + COS X
X
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d .
At x=1: d—yz—zz(sm z)+cosz=-7(0)+(-1)=-1
X
Substitute x = 7 to the given equation of the curve to get the corresponding value of

y.

y=rcosz=nx(-1)=-x
Thus, point of tangency is at (z,~7)
Use the point-slope form to get equation of the tangent line at (72',—72').

y-(-7)=-1x-7)
Y+7T=-X+7

y=-X
Therefore, at x = 7, y = —x is the equation of the tangent line to curve y = x cos x.

Example 37. At what point does the tangent line to the curve y = 4 tan 2x parallel to
the line y—-8x+3=07?
Solution: First, differentiate the given function and equate the resulting derivative to

the slope of the given line. They are parallel lines, so their slopes are equal. Solve for

the value of x and the corresponding y-value.
y'=4(sec? 2x)2) = 8sec? 2x
At the unknown point, y'=m, =8.

8 =8sec” 2x
sec?2x=1
(sec 2x +1)(sec 2x —1)=0

sec2x=1 sec2x=-1

2x=0, 2rx 2X=m, 3rx

3z

x=0, =« Xzz,—
2 2

Substitute the x-value on equation y = 4 tan 2x .

When x =0, y=tan0=0.

When x =7, y =tan 7 =0.

When x:%, y=tan 7 =0.
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When x=377[, y =tan 3z =0.

Therefore, the four points on the curve y = 4 tan 2x where the tangent line is

parallel to line y —8x + 3=0are (0,0), (% , OJ, (,0), and (3?” 0).

Optimization Problems Involving Trigonometric Functions

The use of trigonometric functions facilitates solution to many maxima-
minima applications.To do it, identify the constant terms and the quantity/variable
to be maximized (or minimized), differentiate that quantity/variable, equate the
derivative to zero and then, solve for the value of the variable left on the resulting
equation.

Example 38. Find the shape of the rectangle of maximum perimeter inscribed in a
circle of diameter D.

Solution: Let x and y be the breadth and length of the rectangle whose perimeter P

needs to be the maximum; 6 be the acute angle the diameter makes with the breadth

of the rectangle, as shown on the accompanying figure,. The diameter D of the circle

is a constant quantity in this problem.

Optimization equation:
P=2X+2y------mmmmm- Equation (1)

. . X
Constraint equations: cos 6 = o

x=Dcos @ ---------- Equation (2)
Likewise, sin 8 = —

y=Dsin @ -------- Equation (3)
Method (1).Substitute Equation (2) and Equation (3) into Equation (1) to express

perimeter P, the quantity to be maximized, in terms of variable 6.
P=2Dcos @ + 2Dsin &

P =2D(cos @ +sin 8)= f ()
Differentiate P and set its derivative to zero. g—z =2D(~sin 6 + cos @)

0=2D(-sin @ + cos #)
0=-sin 6 + cos
Solve the above trigonometric equation for 4.
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O0=-sin & +cos @

sin & = cos 6
Divide the above equation by cos 4.
sin 6 1
cos ¢
tan =1
6=45"=-"
4
Solve for x and y by substituting into Equation (2) and Equation (3).
x = D cos 45° =%D
J2

y = Dsin 45°:7D

Therefore the rectangle of biggest perimeter that can be cut from a circle of radius
D has its breadth equals its length; or, the rectangle is a square.

Method (2). Differentiate implicitly Equation (1) with respect to one of the variables,

say x, then, set a®_ 0 and solve for dy
dx dx
0=2+2 d_y
dx
ay =—1 - Equation (A)
dx

Differentiate Equation (2) with respect to x.

1=D(-sin e)d—e

dx
do -1
— = e Equation (B
dx Dsiné a (B
Differentiate Equation (3) with respect to x.
ay =D cos & LA Equation (C)
dx dx
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Substitute Equation (A) and Equation (B) into Equation (C).

—~1=Dcos 8 __1
Dsin 6

sin @ B
cos @

1

9=245°="
4
Therefore, we get the same results as Method 1.

2 . 2
x = D cos 45° :g and y = Dsin 45° =§

Time-Rates Involving Trigonometric Function

Example 39. A balloon on the ground 1200 meters from an observer rises straight up
at the rate of 200 meters per minute. How fast is the angle of elevation
of the balloon from the observer’s sight increasing when the balloon is
at an altitude of 1600 meters?

Let: y be the height of the balloon at anytime ¢t

0 be the angle of elevation of the balloon at anytime ¢t

v

d
d—f = 4200 m/min 0

1200 m

Solution: The unknown on this problem is the time-rate of 8 which is c:j—f ,wheny =

1600 meters. The given condition is the constant distance of the observer, from the
balloon that is rising vertically.

The first thing to do is to find the equation that relates y and 6. From the figure,

tan 0 = J_
1200
y =1200 tan @ -—---------- Equation (1)

Differentiate Equation (1) with respect to time t.

d
Y 1200 sec? @ LA Equation (2)
dt dt
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To find the value of sec 8 when y = 1600, from the right triangle,

1600 4
tanf=——=—
1200 3 5
4
5
Hence, sec 0 = §

Do the necessary substitutions into Equation (2):

2
200 =1200 (2) a9

dt
200 =1200 (Ejd—e
9 ) dt

de 2oor 9 ] 209 23 3

Gt | 200(2) | T 12(25) " a(5) 2(25)

= i radian / min
50

Example 40. The measure of one of the acute angles of a right triangle is decreasing at

the rate of %n rad /sec. If the length of the hypotenuse remains a

constant at 40 cm, find how fast the area is changing when the measure

o1
of the acute angle is A .

Solution: The given condition is that the hypotenuse is

constant at a value of 40 cm. We wish to know the
40

: : dA :
time-rate of the area of the triangle — at that instant

the acute angle which is decreasing with time is %7[. b
1 .
Recall: A= 5 bh ------emeemee- Equation (1)
However from the right triangle: sin 9 = % or h=40sin @ -------------- Equation (2)
Similarly, cos @ = % or b=40cos @ --------------- Equation (3)

Substitute Equations (2) and (3) in Equation (1).

A= %(40 sin @)(40 cos @)= 400 (2sin & cos O)--------- Equation (4)

Basic Calculus n




Deivatives of Cllgebraio GFanclians m

Recall that sin 26 = 2sin @ cos 6. Substitution into Equation (4) yields
A =400 sin 20

Differentiate the above equation with respect to t.

d—A:400 cos 20 2d—0 =800 cos 20d—9
dt dt dt

Substitute the given information. aA =800 |—cos Z(EJ—I(— 1 ﬂ'j
dt L 6 J 36

de . . o : . N
Note that m is given a negative sign since the acute angle is decreasing with time.

dA 800 T 800 = ( 1 j 100
2

Therefore, — = ———c0s — = - —— =—""7cm? /sec
dt 36 3 36 9

B. Derivatives of Inverse Trigonometric Functions

Let u be a differentiable function of x.

1.iArcsinu: ! du 4.iArccotu=— 1 _du

dx J_u? dx dx 1+u? dx

Z.iArccosu=— ! du S.iArcsecu= L du

dx V1=u? & dx u,/uz_]_&

B.iArctanu= 1 du 6.1Arccscu= L du

dx 1+U2d_X dx _U'\,UZ—].&

To recall, the table below shows the principal value of the inverse

trigonometric functions in their domain and the corresponding range.

Function Domain Range
Arcsin x [-1,1] [_ T ?T}
232
Arc cos X [-1, 1] [0, ]
Arc tan (-0, ) [_ E ?_T]
272
Arc cot X (-0, ) (0, m)
Arc sec x (-0, -1]u [1, ) [0 f] g [;r_r }
T2 2
Arc csc X (-0, -1]u [1, ) [_?_T, .;;.] L [0, ﬂ

In Calculus, Arcsin x, Arc cos x and Arc tan are the most important inverse
trigonometric functions. However, there is often disagreement in the choice of
principal value for inverse secant and inverse cosecant. Some authors define the value
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T . . . .
as between —r and —Efor negative value of trigonometric functions secant and

cosecant. Relative to this and in as much that they are seldom used, these inverse
trigonometric functions may be conveniently avoided.

Example 41. Find j—y using the indicated value of x, if given.
X

a) y=Arcsin(2-3x)

On the formula i Arcsinu =

du
dx Jioy? dx’ dx

LA

dx  J1-(2-3x)’

L = -3)
dx \f1-(4-12x+9x?)

dy -3

dx  J_3+12x—9x?

b) y = Arcsec+/1+ 2x

On the formula - Arc secu :;d_u u=+1+2x, u__ 1 (2)= L
dx uafu? —1 dx dx 241+ 2x V1+2x

S
dx J1+2x\/(J1+2x)2—1 V1+2x

dy 1 ( 1 J
dx 1+ 2xJ+2x)-1(V1+ 2x

dy 1
< (V1+2x ) V2x
dy 1

dx  (1+2xW2x

) y=Arc tan(z — Xj

+ X

On the formulai Arctanu = 1 5 d_u,
dx 1+u® dx
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2-X
u=2+x
d_u_(2+x)(—1) (Z—X)(l)_—Z—X—2+x_ -4

dx (2+x)  (2+xY (2+x)

dy 1 [ -4 ] 1 { —4 J
Therefore, > = = .
erefore i 1+[2x2]“2+x) J . (2-x)

2+ X

dy Tl {—4}
dx  (2+x)° +(2-x)

dy -4
&_(4+4x+x2)+(4—4x+x2)
dy -4

X A+4X+ X +A—Ax+ X2
dy -4

dx 8+ 2x2

dy -4

dx 2[4+ x?)

dy -2

dx 4+ %

d) y = xArc cos x; when x = 73

Use the product formula where: u = x, 3—” =1
X

v:Arccosx,j—V:— ! 1)=- !

Substitute on the product formula.
dy [ -1

o (e

X
— = + Arc cos X
2

>

} + (Arc cos x)(1)

When : x:ﬁ ay _ 2 ., r__ 2 . F__ 2
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RE]
y__2 7 _[3,.%
dx 1 6 6
2

1
e) y = XArc tan 5 X

Use the product formula where:

Substitute on the product formula.

4 - ) + (Arc tan x)(1)

x)(

4+ X

d_yzx(

dx 4 + X
dy
dx_(
dy _
dx

f) Arctan%:x—y

Use implicit differentiation.

y—Xxy'
Y2+ X2

y-xy'=yZ+x% -y

dv 1 1
v=Arctan —X,— = - =

X (1 j 2

1+ —x
2
e Y arreal £ b
dx 4+x*\2) 4+x*\2) 4+x°
4

2
4+ X

J + (Arc tan ij
2 2

+ Arc tan i X
2 2

2 +x2)y

y'(y?+x2=x) =y +x* -y

Y X -y
y2 +x° =X
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. . . 1 1
Example 42. Find the equation of the tangent line to the curve y = = Arc tan —at

X X
T
oint |1.— |.
P ( 4j
dy

Solution: Slope of tangent line at any point on the curve is given by ™ which is
X

obtained using the product formula where:

1 du 1
u:—’—:——z
X dx X
1 dv 1 ( 1] 1( x° 1
v=Arctan —,—= - = =_
X dx 1 x? x% 1+ x? 1+ x°
1+ —
X

Substitute on the product formula,

s w5
o wlw ) e

d—y:—l[ij—lArctanlz—i—zz_2_”=—2+”
dx 1\1+1) 1 2 4 4 4
Use the point-slope form to get equation of the tangent line.

T —-2-r

y—z— 4 (x-1)

4y-n7 —(2+z)x+2+7

4 4

by -z +Q2+7)x-2-72=0

4y +(2+7)x-2-27=0

4y +(2+7)x-2(1+7)=0

Example 43. A ladder 15 feet long leans against a vertical wall. If the top slides down
at 2 feet/sec, how fast is the angle of elevation of the top of the ladder
decreasing as observed from its foot, when the lower end is 12 feet from

the wall? Use Inverse Trigonometric Function.
Solution: Let x be the distance of the foot of the ladder from the wall at any time ¢
y be the distance of the top of the ladder from the ground at any time ¢.

0 be the angle of elevation of the top of the ladder as observed from its
footat any time t.
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Solution: First, find the equation that relates the variables 6 and y. We use the

definition of either sin 8 or csc 6.

Let us choose csc 6.

15
cscld =— v

1

“\6

15 e z
6 = Arc csc — X
y

Differentiate the above equation with respect to t.

do 1 g(g}
15) (15 y

. A =

40 _ L f_g(d_yy

« (o) v ol
y y’©

do 1 [ 15, ]

— = -2 (-2

a b 225—y2{ yz( )J

When x =12,y =4/(15)° — (12)* =+/225 144 =81 =9

déo -2 -2 =2
Therefore, — = = =" =
dt 225 -81 144 12 6sec

Irad

; ldy/dt = -2 ft/sec

Y

The negative sign of (ii_f the time rate of the angle of elevation of the top of

the ladder signifies that as the top of the ladder slides down the wall, 6 is decreasing

with time.

Example 44. A kite is 60 feet high with 100 feet of cord out. If the kite is moving
horizontally 4 mi/hr directly away from the boy flying it, find the rate of
change of the angle of elevation of the cord. Solve using an inverse

trigonometric function.
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Solution: The variables in the problem are the length of the cord s that is out; the
horizontal distance of the kite x from the boy and the angle of elevation of
the cord@ at anytimet. The height of the kite is fixed at 60 feet.

The equation relating the variables is, as seen on the figure,

tanazﬂ
X

60
0 = Arc tan(—j
X

w1 [ @)
dt 2 dt
1+[60j
X
do 1 (60de

dt x?+3600 \ x2)dt

X2

0w _(w
dt x? + 3600 \ dt

When =100 ft, x = /s? — (60)? =+/(100)* — (60 )?

dx/dt = 4 mi/hr = 88/15 ft/sec
—_—

X = /10,000 — 3600 =+/6400 =80 feet

dt  (80)° + 3600

do 60 [ﬁj —4(88)  -4(88) -8 —2rad

15 ) 6400 +3600 10,000 2500 625 sec

The negative sign of (jj—f implies that as the cord of the kite lengthens, angle fis

decreasing with time.

C. Derivatives of Exponential and Logarithmic Functions
In your study of General Mathematics, you learned that the inverse of an
exponential function is the logarithmic function, and vice-versa.

For the exponential function f(x)=b*,where f(x)> 0, the baseb >0, b =1 . Its
inverse function islog, f(x)=x, where f(x) is referred to as the argument of the

logarithm and b is the base. This leads to the definition that the logarithm of the
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argument f (x) is the exponent x to which the base b must be raised to produce the

argument f (x).

Let u be a differentiable function of x,a > 0, a # 1. The following formulas are
used to differentiate logarithmic and exponential functions.

1) ieu =e“d—u 3) iInu=£d—u
dx dx dx u dx

2) ia“=a“ Inad—u 4) iIogau=llogaed—u
dx dx dx u dx

Listed below are properties of logarithms and exponential functions that may
help students when differentiating the function.

Properties of Logarithms
1) log,1=0 5) log,M" =nlog, M
2) log,b=1 6) log , VM :llong
n
3) log, MN =log, M +log , N 7) b%M =M
M logM InM
4) log, —=1Ilog, M —log, N 8) log, M = =—
) log, 1 =g, 9 ) log, bgb _ Inb
Example 45. Find Z—z and simplify, whenever possible.
_.8-4x2
a) y=¢
Use the formula ieu =e" au where u =8-4x?, du _ -8x
dx dx dx
Hence, W _ goar (—8x)=—8xe®**
dx
b) y=log v2x -7

du

1 du 1 1
. _ = YUY where u=+2x-7, —= 2)=
Use the formula : Iogau_ulogaedX, dx Zm( ) Jox—7

log e log e

Therefore, d_y =

1 1
dx w/2x—7loge£«/2x—7J_(\/m)z 2% -7
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c) y =Incos x

Use the formula - u = 23 where u = cos X, du_ (= sin x)(1) = —sin x U=COS X

dx u dx dx
dy 1 . sin x
Hence, —= = (—sin x)=— = —tan x
dx  cos x COoSs X
d) y=57"
Use the formula ia” =a'In ad—uwhere u = -3x, d_u =-3
dx dx dx
Therefore, j—y =5 In 5(~3) = -3(In 5)(5**)
X

e) y=x%(3Ih x-1)

Use the product formula where: u = x°, (;_u = 3x?
X
v=3Ihx-1 3(3](1)= 3
X X
Therefore, &Y. — xs(gj + (3 x—1)(3x?)
dx X
W _ gy +3x°(3Ih x-1)
dx
Factor. j—y =3x*(1+3In x-1)=3x*(3In x) = 9x* In x
X
1 2\ —-2X
= —x’e
Dy=3
2 dU —2x dV —2x -2X
Use the product formula where u = x?, o 2x, v=e"?, ol (—2)=-2e
X X
Substitute. %Y - l[x2 (- 262 )+ e (2x)]
dx 2
dy 1 -2x -2x
—=—2xe (= x+1)[=xe "(1-x
™ 2[ (- x+1)] L-x)
P
g y=[-e)
Use the general power formula where n=3, u=1-¢ %, (;_u =g (-2)=2e*
X

Hence, j_y _3f—e? ) (2e %)= e 2 (1—e )
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1+e™
h) y=1In
) y 1_e72X
Method 1. Use the quotient formula where u =1+e*, 3“ = *(-2)=-2¢*
X
—2X dV —2x -2X
v=l-e?, —=-e%(-2)=2e
dx
-2x -2X -2X -2x

Therefore, a_ 1_2X (1—e )(_ 2¢ )_(1:6 )(Ze )

dx 1+e (1_e—ZX)

1_ e—Zx

dy 1-e™ [2e > (-1+e 2 —1-e?)]

dx 1+e L ( _e*ZX)z J

dy  2e(-2) —4e7

dx  (L+e®)1- e’zx) L+e > Ji-e?)
The abovej—i can further be simplified by getting the
(e -e®)=1-e*

-2X
Hence, d—y:_Ar%.
dx 1-e™

-2X

Method 2. We first simplify In 1+e72
1

Iogb%z log, M —log, N . Thus, y:In(1+e‘2X)—In(1—e‘2X).

dy _ 1 -2xy _ 1 -2x Y
d_x_1+e‘“(e X 2) —2x(e X 2)

e
Factor.d—y:—Zezxr( ! J ( !
d i

X 1+

,ZXF X 41+e 2]

1
) Lu -zxxl =

-2X
d_y=_26-2xr 2 —|:_4e
dx Ll—e’“J 1-e ¥

i) y=Arctanin x

—using the property of logarithm

Use the formula 2 Arc tanu = —~ _ A Where u = x, du_ l(1): 1
dx 1+u” dx dx X X
dy 1 1 1
Therefore, —=————| — | = .
dx  1+(In x)z(x] xA+In2x)
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j) y=In?sin x

The given can be expressed as y = (In sin x)*. Now, use the general power formula

. du 1 COoS X
where n=2, u=lInsin x, —=——(cos x)= —— =
dx  sin x sin X

Therefore, g—y = 2(In sin x)(cot x) = 2cot x(In sin x)
X

HDy=h (1+ e ¥ )2
du

Method 1. Use the formula a4 Inu= Ldu
dx u dx

where, u=(1+e )2:—2 = 20+ e e ¥ )-3)]= -6e**(1+3%)

-6
1+e*

Therefore, dy = ;[_ 6e = (1+ g X )] =

& fre )

Method 2. Simplify y = In (1+ e )2 using the property of logarithm
log, M° =nlog, M
Hence, y = 2In (1+ e‘3x)

dy [ 1_ (efaXX—B)—l —6e™

-3x

k) e +e’ =e”

Differentiate implicitly. e*(1)+e’ = exy(xj—y+ y]
X

e +e’y'=xe”y'+ye?

eyyu_Xexy y|: yexy _ eX

Example 46. Given that in (ny—_l) = 0 find the equation of the tangent line when x =1.
Solution: Method 1. We first express y as a function of x by transforming the given

logarithmic equation to its equivalent exponential equation.

m( y j:o
2x -1

0 — y
2x -1
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y

However, e° =1. 1=
2x -1
Yy =2X—1---mmuuue Equation (A)
Differentiate. d_y =2
dx

Hence, slope of the tangent line equals 2.

Find the corresponding value of y when x=1.  Substitute into Equation (A).
y=2(1)-1=1

y-1=2(x-1)

y-1=2x-2

2x—-y-1=0

Method 2. There is another way to arrive to Equation (A). Use the property of

Equation of tangent line:

logarithm log , M_ log, M —log, N .
n

m( y ]:0

Hence, 2x-1
Iny-In(2x-1)=0
Iny=1In(2x-1)

However, if In A=InB,then, A=B.
Hence, y =2x-1

Observe that we arrive at Equation (A) too but using a different method. Expectedly,

we will get the same equation of the tangent line at point where X =1,

Example 47. Find and classify the critical points of the curve y = xIn x
Solution: Differentiate using the product formula.

dy _ X(i}r(ln x)2)=1+1In x

dx
e . dy
At the critical point of the curve, d_ =0.
X
Hence, 0=1+Inhx
Inx=-1
Transform the above logarithmic equation to its equivalent exponential equation.
elt=x
1
x=—=0.37
e
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Solve the corresponding value of y .

y= Ihet =1(—1|n e)= 1(-1): Lo
€ € e €

1 1
Find the second derivative and use it to classify the critical point(—,——j.

e e
d 1
"(X)= —(+I x)==
0= amx)=
1
"0.37 )= ——
y( ) 0.37

Since y"(0.37) > 0, then, the critical point (E—Ej is a minimum point.
e e

Example 48. Show that the curve y = xe "2 has its maximum point at [2, E]
e

Solution: Differentiate using the product formula.

j—i = x(e; j(— %j + eig(l) = ez(— g + 1j

Y12 xi2)
dx
Equate each factor to zero.
-X+2=0 or e2=0
X=2 or Ine 2 =In =0 (Rejected since N Ohas no value)

When, x=2, y=2e

2
2

et 2
e

Perform the second derivative test. y"(x)= ez(— %J - (_ X+2 J(ez J[— ij

y"(X) = _%e_:{l_k (— X2+ 2) _ _%e_Z}(Z_zﬂj

X

y'(x) = —%e'2(4— X)

When x=2. y"(2)= —(e*)2)= e =~ > = 037
(S
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Since y"(2) < 0, therefore, point (2, gj is a relative maximum point of the given
e

X

curve y = xe 2.
Example 49.1f y = In T—X and if the time-rate of y is 4 unit/seconds, find the time-
- X
rate of x when y =1In 3.

Solution: Using the appropriate property of logarithm, simplify y = In T—X

y =@+ x)-Ih(@-x)
Differentiate with respectto t.
dy 1 dx 1 dx

When y = In 3, we find now the corresponding x-value by substitution on the given

. 1+X
equation y=In —— .
1-x
In3=|n1+—x
1-X
1
3_=*+*%
1-X
31-x)=1+x
3-3x=1+X
4x =2
1
X=—
2
Therefore, when x=land d—y=4,
2 dt
1 (dx 1 (dx
LA (ol s e
14 = \0XJ g t

2

42 _z[d_XJ:(d_XJE_Z
3 dt dt ) Ldt \ 3
dx)(2 4) 8dx

4= = 242|222
(@333

d_X: E: Eunits /second
dd 8 2
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Activity Sheet

FOUR-STEP RULE/ INCREMENT METHOD

Directions: Find j—y using the Four-Step Rule/Increment Method of Differentiation.
X

1. y=3x"-2x+5

2. y=x>—4x
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7

Activity Sheet

FOUR-STEP RULE/ INCREMENT METHOD

Name
Section : Class Schedule :
Directions: In each of the following, find j—y when x = 3 using the Increment Method.
X

lLy=x(x+1)

4
2.y=
x—1
1
3.y=—+
y 4x°
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7

Activity Sheet

DIFFERENTIATION RULES

Directions: Apply the appropriate differentiation rules to find the derivatives of the

given function.

1. f(x)=5x%°

2. f()=x"-x"

3. f(x)=7x*-3x*+9

4. f(x)=(Bx-7)°

5. f(X)=9x" +63x+7
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7

Activity Sheet

PRODUCT RULE

Directions: Use Product Rule to differentiate each function. Simplify your answer

1. f(x)=4x(x-5)

2. f(x)=3x*(2x*-6)

3. f(X)=0@Bx-4)(x-7)

4, f(x)=(x*+2x)(x* —4x)

5. f(x)=(5x°%-2x%)(2x* +3x)
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7

Activity Sheet

QOUTIENT RULE

Directions: Use Quotient Rule to differentiate each function. Simplify your answer

X
1. f(x)=
() X+6
2 f(x)=4x+7
X—2
2x3
3. f(x)=
) 4x* +5
4x° + 3x
4, f(X)=———~
9 4-2x°
2x* —4x° +8
5. f(X)=——M—
) X3 +2x-1
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Activity Sheet
DIFFERENTIATION RULES

Directions: Differentiate each function. Do not expand any expression before
differentiating

1. f(x)=(3x*+2x-5)*

2. f(X)=(T+2x-x>+x"°

3

3. f(x)=(5x-9)*

5
4, f =
) (x3—2x+1)2
5 f(x):\/%
X_
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Deivatives of Cllgebraio GFanclians

Activity Sheet
PRODUCT RULE AND POWER OF A
FUNCTION RULE

Directions: Use the Product Rule and the Power of a Function Rule to differentiate the
following. Simplify.
1. f(x)=(4x+2)°@2x+1)

2. f(x)=(8-3x*)(4x-1°

3. f(X)=7Tx=-3)*(x*+1)°

4. f(x)=(6-2x")V5x> +4

5. f(x)=42x-5(7x*-3)°
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Deivatives of Cllgebraio GFanclians

7y

Activity Sheet

HIGHER DERIVATIVES

Directions: Find the indicated derivative.
1. f(x)=5x>-2x"+x*>—-21.Find f"(x).

5 .. .d%
2. f(x)=3x*—-—.Find .
) x* dx®

3. f(x)=3%/2x-3.Find f“(x).

d?y

X2

4, f(x)=(2x-1)(3x* +2).Find

5. f(x)=——.Find f"(x).
X+1
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Deivatives of Cllgebraio GFanclians

Activity Sheet
DERIVATIVE AS SLOPE OF THE
TANGENT LINE

[. Find the equation of the tangent line to the given curves.

1. y =+x* 25 at the point (13,12).

2. y =3/7x - 6 that is perpendicular to the line 12x + 7y + 2 =0

II. Find an equation of the normal line to the curve

1.y= (x2 —1)2 at the point(-2,9).

2. y = x3 — 4x and that is parallel to the line x + 8y —8 = 0
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Deivatives of Cllgebraio GFanclians

Activity Sheet
IMPLICIT DIFFERENTIATION

Directions: Determine j—y using implicit differentiation.
X

1. x*+y*>=45

2. 27y® =4x*

3. X*+y’=xy

4. (X+y)(x-y)=7

5. 3xy+1°=x°
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Deivatives of Cllgebraio GFanclians

7

Activity Sheet

IMPLICIT DIFFERENTIATION

Directions: Determine the slope of the curve at the given point. Furthermore, find the
equation of the tangent line at the given point.

1. x*+y®>-12x+4y-5=0at(0,1)

N

(x+2y)> =x+10 at (-1, 2)

3. (Bx—y)’ =6x+2y+23at(1,-2)

4. y(Bx-y?)=16 at(4,2)

v

x(x* —y*)=3at(-1,2)
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Deivatives of Cllgebraio GFanclians

7

Activity Sheet

CHAIN RULE

Directions: Find the derivative of each of the following functions.

1. y=(x2 +4x+6)5

2. y= (x3 —5x)4

3. y=(2x*—6x+1)°

4. y=+/x*-7x

3

5. f(x) =(x—£}2
X
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Deivatives of Cllgebraio GFanclians

7

Activity Sheet

APPLICATION OF DIFFERENTTATION

Directions: Solve each of the following problems

1. A 45 - foot ladder is placed against a wall. If the top of the ladder is sliding
down the wall at 3 feet per second, at what rate is the top of the ladder sliding
down the wall when the top of the ladder is 30 feet above the floor?

45 ft

O O
O O

X
2. Afarmer has 1, 000 m of fencing material and wishes to enclose a rectangular
field. One side of the field is against the road, which is already fenced, so the
farmer needs to fence the remaining three sides of the rectangular field only.
The farmer wishes to use all of the fencing material. Find the dimensions that
achieve this.

y

J

Road

3. A piece of card board 45 m by 15 m is to be used to make a rectangular box
with an open top. Find the dimensions that will give the box with the largest
volume.

X 45m
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Deivatives of Cllgebraio GFanclians

Activity Sheet
DERIVATIVE OF EXPONENTIAL, LOGARITHMIC
AND TRIGONOMETRIC FUNCTIONS

A. Find the derivative of exponential function
1. f(x)=10""

2. f(x)=e*"’

3. f(x)=e"¥

4. f(x)=e" +3e*

€
X

5. f(x)=
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Deivatives of Cllgebraio GFanclians m

B. Find the derivative of logarithmic function
1. f(x)=3Ihx°

2. f(X)=I~3x*+2x+1

3. f(x)=2"log,(x*)

4. f(x)=log(x*—2x*+10)

5. f(x)=log(4x®)+4%"
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Deivatives of Cllgebraio GFanclians m

C. Find the derivative of trigonometric function
1. f(x)=tan(4x")

2. f(x)=sin 1
X

3. f(x)=x3+cosx+sin%

4. f(x)=4x"sin 2x —3xCos X

5. f(x)= sin x

1+ cos x
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ANTIDIFFERENTIATION

CHAPTER 3

Leaning Competencies

A the end of the chapter, the dtudentd learn to:

[llustrate an antiderivative of a function
Compute the general antiderivative of power of a
polynomial, logarithmic, exponential, and
trigonometric functions.

Compute the antiderivative of a function using
substitution rule and table of integrals (including
those whose antiderivatives that involve logarithmic
and inverse trigonometric functions).

Solve separable differential equations using
antidifferentiation.

Solve exponential growth and decay, bounded growth,
and logistic growth.

Approximate the area of a region under a curve using
Riemann sums: (a) left, (b) right, and (c) midpoint.
Define the definite integral as the limit of the Riemann
sums.

[llustrate the Fundamental Theorem of Calculus.
Compute the definite integral of a function using the
Fundamental Theorem of Calculus.

[llustrate the substitution rule.

Compute the definite integral using the substitution
rule.

Compute the area of a plane region using the definite
integral.

Solve problems involving areas of plane regions.




3.1. Antidifferentiation

In this chapter, we develop the inverse operation of differentiation called
antidifferentiation (or indefinite integration). These two operations are said to be
inverse operations, just like addition and subtraction or multiplication and division,
same as raising to a power and extracting root. In antidifferentiation, we find a

function, say F(x)whose derivative f (x) or whose differential f(x)dx on the certain

interval of the x-axis is given. Performing antidifferentiation or indefinite integration
resultsto F (x)plus an arbitrary constant. In symbol, we write,

This is read “the integral of f(x)dx equals F(x) plusC”.

Where:
* The symbol j that looks like an elongated letter “S” is called the
antidifferentiation or integration sign specifying the operation of

antidifferentiation (or integration) to be done upon the given
derivative f(x)or upon the differential f(x)dx. The notation dx tells

us that the variable of integration is X.
= f(x)is called the integrand which refers to the given derivative of the

unknown function F(x) .
= f(x)dxis the given differential.
= F(x)is called the particular integral, the unknown function.

= Cis the constant of integration
= F(x)+Cis called the indefinite integral

Theorem: Two or more functions that have the same derivative differ at most by a
constant.

To illustrate what the theorem means, let us try finding the antiderivative or

the indefinite integral of differential x°dx which in symbol form is J'xedx . This task

means finding a function F(x)whose derivative is x°or looking for a function
F(x) having a differential of x°dx .

Hence, Ixsdx could be any of the many functions, some of which are the

following:
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= —+3
7

. X 1
7

7
X
In general, the antiderivative of x°dx can be expressed in the form 7 + C

7
which is referred to as the indefinite integral of the given function, where? is the

particular integral and C is the constant of integration that differentiates one function
from the others depending on given condition.

3.2. Antidifferentiation (Indefinite Integration) of Powers
The following are properties of indefinite integrals. These can be proven using

differentiation.

Property 1. .[dx =x+C

The integral of the differential of a variable equals the variable itself.

Property 2. If a is some constant, J'af (x)dx = a_[ f (x)dx

In other words, constant can be factored out of the integral sign.
Property 3. j[f (x)dx £ g(x)px = J' f(x)dx + j g(x)dx

The integral of a sum (or difference) of functions equals the sum (or
difference) of the integrals of each function. This property be extended to any number

of functions.
Property 4. dJ' f(x)dx = f(x)

The differential of the integral of a function equals the function itself.

n+l

X

Property 5. Ix”dx = +C, provided n = —1.

n+1

The integral of a power of variable x, say x", is equal to variable x raised to

exponent (n +1)divided by (n+1).
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Example 1. Evaluate the following integrals.

a) I2x4dx

Solution: We first use Property 2, factor constant 2 out of the integral sign. Then,
integrate using Property 5, with n = 4. Substitution yields

_[Zx4dx:2jx4dx:2{x4+l}+c=2{X€T+C=§x5+c

4+1

b) J'(x —1)(x + 4)dx

Solution: Since at this point in time, we don’t have a formula to integrate a product of
functions, we first perform multiplication to reduce the product of functions into a
sum of functions. Hence,

j(x—l)(x +4)dx = j(xz + 3x—4)dx

Use now Property 3, followed by Property 5.
J.(x ~1)(x +4)dx = J.(x2 +3x—4)dx = Ixzdx + J.3xdx + J'(— 4)dx

Use now the appropriate property of indefinite integral.

I(x ~1)(x + 4)dx = %+ 3_[ xdx — 4_[dx

3 2
=X—+3 X —-4x+C
3 2

i3 axsc
3 2
c) [(4x—3)dx

Solution: Using the special product, expand the square of binomial (4x — 3), that s,

(a+b) =a’+2ab+b’. Therefore,

[(ax-3) =J.(16x2 —24x+9)dx = [16x%dx — [ 24 xdx + [9dx

=16Ix2dx— 24J'xdx+9jdx
3 2

=16[X—j _ 24[)(—} +9x+C
3 2
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_ 1 e _1oxsoxec
d) j(2 +x?) dx
Solution: =~ Expand cube of the binomial using the formula
(a+b) =a®+3a’h+3ab’ +b®. Thus,
.[(2 + xz)sdx = I(8+12x2 +6x° + xa)dx
= f8dx + j12 x2dx + j6x4dx + I x°dx
= 8.[ dx + 12.f x2dx + 6.[ x dx + j x°dx

3 5 7
=8x+12 X +6 x +X—+C
3 5 7

1
=8x+4x2+§x5+—x7+C
5 7

)I( \/_X2+\/_)

Solution: Reduce the given fraction into a sum of functions.

ol ool (2

Transform radical expression to equ1va1ent power having a fractional exponent.
1
J‘(l—\/;XZ'F\/;)dX _ J‘(%_l_ szdx
Vx L x? J

Now, we use the definition of negative exponent.
1 1
= J[Zx z2_1- szdx

= ZJ' x_%dx - jdx - I x%dx

2
=2 Xl —x—i( +C
-—+1 —+1
2 2
1 3
X2 X?
—ZT—X—§+C
2 2
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1 2
=4x% —x— 2X +C
3
Transform power with fractional exponent back to equivalent radical
expression.
3
=4/X —X— 2\/X_ +C
3
2
Simplify the radical. =4x - x - EX\/; +C

3.3. Standard Antidifferentiation (Indefinite Integration) Formulas

So far, our integration process has been limited only to the power formula
where the base is a variable. To speed-up the work of evaluating integrals, there are
integration formulas for certain standard forms. Carrying-out integration requires
comparing these forms and if found identical with or is reducible to one of them by
applying valid transformation, the corresponding formula is then used.

We need to remember that the test for correctness of the result of integration
is that the derivative of the obtained integral must be equal to the given integrand.

Listed below are the integration formulas which find practical applications.
These formulas can be verified by proving that the derivative of the resulting integral

equals the given integrand.

Let U be a function of X.

n+1

ny, U _
1. J'u du_n+1+C,n¢ 1
Id—uzln|u|+C
u

_[e“du —e'+C, e=271828 ...

au
+C,a>0,a=1
a

Ja'=
In

J'sin udu =-cosu+C

.[cosudu —sinu+C

.[secz udu =tanu +C

X N ) e

J'cscz udu = —cotu +C
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9. J'secu tan udu = secu + C

10. .[cscucot udu = —cscu +C

11. J'tan udu = Infsecu|+C = —Injcos u[+ C

12. Jcot udu = Insin u|+C = —Inlcscu|+ C

13. 1 [secudu = Infsecu + tanu|+ C

14. Icscudu = Injcscu —cotu|+C

3.3.1. General Power Formula

n+l

u

J'u”du= +C n=-1

n+1

Example 2. Evaluate the following indefinite integrals.
a) [(2x+ 7)(x? + 7x + 3/ dx

Observe that the derivative of the given function x> + 7x + 3 appears on the
given, hence, we can use the power formula where:

n==6,
u=x>+7x+3,
du

5 "X Ton, differential du = (2x + 7)dx
X

Likewise, take note that the needed duon the general power formula is
complete.

B (x2 +TX+ 3)6+1

Therefore, j(2x+7)(x2+7x+3)6dx_ 51 +C =%(x2+7x+3)7+c
+

b). [ cos x(L+sin x)’dx

Analyzing whether the power formula works to integrate the given function, then =3

)

u=1+sinx,

(;I_u = cos X, or, differential du = cos xdx
X

The needed du, observe, is again complete.
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c) jezx(e“ —4)'dx

Analysis shows that the general power formula works to integrate the given

function. Here, n=4,
u=e**-4
dU _ A2X

o e”*(2)=2e”*, or, differential du = 2e**dx
X

Note that the needed du is not complete. There is a missing constant of 2.
We need to introduce a constant factor of 2 in the integrand to complete the needed

. . . 1
du. However, to neutralize its effect, it is necessary to introduce Eas well], the

reciprocal of the missing constant, before the integral sign.

Then, we apply the general power formula. Hence,

jezx(ezx —4)dx = %jzezx(e“ — 4} dx

:ﬂM}c N (Y e

2 5 10

d) J'\/l— 4xdx

The given radical can be transformed to equivalent power with fractional
exponent. That is,

.[\/1— 4xdx = I(l— 4x)§dx

1
Here, n = 5 =1-4x, (;_u = —4, or, differential du = —4dx.
X

Again, on this example, the needed du is incomplete with constant — 4 missing.
We need to introduce a constant factor of —4 in the integrand to complete the

1 1
needed du. However, to neutralize its effect, it is necessary to introduce —4 = —Z as

well, the reciprocal of the missing constant, before the integral sign. Then, we apply
the general power formula. Hence,

[V1-axdx = [(- 4x)§dx = —%j— 40 - 4x)§dx

1 [(1— 4x);+11

1
=T e
4

1o ]
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:-5{3 a—4xf}+czéﬂf4x%ﬂ?2§+c

413

X2

I@—zﬁf
Before using the general power formula, using the definition of negative
exponent, rewrite the given function in a way that the power will appear on the

e) dx

numerator. Hence,

XZ

I@—zﬁf
du

On the power formula, n=-2, u=3-2x°, d—=—6x2, or, differential
X

du = —6x°dx. Note that the needed du is incomplete with missing constant of - 6.

dx = IXZ(?)— 2x%) " dx

Hence, upon the introduction of its reciprocal, that is — X before the integral sign, du

is made complete. Therefore,

XZ

j(3—2x)

dx = IX3 2x) :——j 6x3 2x)d

(3—2x3)_ —|+C

GL -2+1 GL -1

1f@—2xﬂ4”] c 1|
]

1

“oBo2x)©

f) J‘4\/1+ In X2 dx

X
Using the power formula requires us to rewrite the radical as power having a

fractional exponent.
1

V1+In x? (1+ In xz)Z
J' dx :j dx
X X
1 1 2 1
4’ dx X X X X

1
Again, introduction of Ebefore the integral sign makes the needed du complete.

Hence.
l

J-“\/l+lnx2dX_J.(1+lnX :_J- 1+Inx
X
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N |

(1+ Inx>*A1+Ih x> +C

gD N

3.3.2. The Logarithmic Function

n+1

The limitation of the general power formula J'u”du Y Ciswhenn=1.

n+1
This makes the right side of the equation indeterminate. This is where the logarithmic

function comes in. Note thatju‘ldu = jd—u, and we recall thatd (In u)= d_u . Hence,
u u

j(jlj—uzlnu+C

The formula above involves numerator which is the derivative of the
denominator. The denominator U represents any function involving any independent
variable. The formula is meaningless when Uis negative since the logarithm of
negative numbers have not been defined. When negative numbers are involved, the
formula should be considered in the form

Id—u:In|u|+C
u

Therefore, the integral of a quotient whose numerator is the differential of the
denominator is the logarithm of the denominator.

Example 3. Evaluate the following indefinite integrals.

4

X
a) szs_gdx

du du
Using the formulaj— = In|u| +C,u=2x"-9, o =10x*, or, du =10 x*dx ,
u X
Hence, the needed duis incomplete, with constant 10 missing. There is a need to

1
introduce Fbefore the integral sign.
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x* 1 . 10x*
J. s dX=— 5
2x° -9 107 2x> -9

dx:iln\2x5—9\+c
10

b)J' ) dx

X3 —6x + 4

d
The denominatoru = x> — 6x + 4 d_u =3x’-6= 3(x2 - 2), or, du= 3(x2 - 2)dx.
X

. . . 1
There is the missing constant of 3on the needed du, hence, we introduce g before

the integral sign.

1
e P T UL,

J- CO0S 2X
2 +5sin 2x

du
The denominatoru = 2 + 5sin 2%, = 5(cos 2x)(2) =10 cos 2x ,or, du =10 cos 2xdx . We
X

1
need to introduce Bto complete the needed du.

2 1 2 1 .
Therefore, I&dx mdx = —In|2+5sin 2x|+ C
2+5sin 2x 10 2 +5sin 2x 10
x +2)
d
) I X+1

If the given function is an improper fraction, the first thing to do is to divide
" du .
the numerator by the denominator, then, the formula IT = In|u| + C applies to

integrate the remainder over the denominator.

R
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x* 1,
=?—x+3ln|x+]4+C ZEX —x+3In|x+1+C

sec x tan x
) [SEEXINX o

4 —3secx

du
The denominatoru = 4 — 3sec x, d_ =-3sec xtan X, or, du =—-3sec x tan xdx . We
X

1
introduce = before the integral sign to complete the needed du . Hence,

J-secxtan X ___J-—33ecxtan X
4—3secx 4 —3sec X

dx = —%In|4—3sec X+C
H I(sm X + tan X)dx
COS X
Transform the integrand into a form that is integrable. That s,

(sin x + tan x) sinx o, ptanx,
o ¥ e o

COoS X cos X COS X

: . _pdu du :
The first term is integrable using _[ m =In |U| +C ,whereu =cos x, P —sin x
X

, o1, du = —sin xdx. We need to introduce constant factor — 1before the integral sign to

complete the needed du . Look how the second term is reduced to a form integrable.

sin X + tan x sin x tan x sin X 1
j(— I +'|.—dx_ In|cos x|+'|. : dx
oS X oS X oS X COS X COS X
sin x _ 2
—In|cos x|+j —dx = —Incos x|+ jsm x(cos x) dx
cos’ x

Note that the second term is now integrable using the general power formula,

du . . .
wheren=-2, U=COS X, d_ = —sin X, or, du = —sin xdx . Again, we introduce —1before
X

the integral sign to complete the needed du . Thus,

—2+1
(cos x) ic

= —In|cos x|+ (—1)J—sin x(cos x) *dx = —Incos x| - -
~2+

(cos x)™ 1
~—",+C=-Infcos x|+ ——+C =—Infcos x| +secx +C

—Incos x| -
COSs X
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3.3.3. The Exponential Functions

je“du =e" +C ¢=27188 ...

u a'u
ja =2 4+C as0ax1l
Ina

Observe that in both formulas,u is an exponent. This makes the use of the
formulas different on that of the general power formula wherein the exponent is a
constant.

Example 4. Evaluate the following indefinite integrals.
a) jxe“z‘ldx

On the formulajeudu =e" + C u=2x2-1, 3—u=4x,or, du = 4xdx.

X

To complete the needed du, we introduce % before the integral sign. Hence,

b) I(x — 4)e 3 dx

Ontheformulaj-eudu =g" +C u=x"-8x+3, 3—u=2x—8=2(x—4),0r,
X

du = 2(x —4)dx . Hence, to complete the needed du, we introduce % before the

integral sign. Thus,

I(X _ 4)ex278x+3dx _ %IZ(X _ 4)eX278x+3dX _ %eXZBXJr?, N C

¢) [sec?3x(4™>* Jox

a
This time, we use the formulaj.au = E +C,wherea=4, u=tan3x,

3—“ = (sec2 3x)(3dx) = 3sec” 3xdx . Observe that the needed du lacks constant3.
X

Therefore, we introduce % before the integral sign. Hence,

4tan 3x

1
3 In4

[sec? 3x(4%* dx = %.|'3sec2 3x(4%* dx =
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This can further be simplified by using the law of logarithm log ,M" =nlog , M . Thus,

tan 3x
4 LCo 1
3 2In2 6In 2

4tan3x + C .

finally, ['sec? 3x 4ta”3x)dx =

Xe\/4+x2
d) dx
J.\/4+ X’
On the formulajeudu =e" +C,u=+a+x,
du

X X
= ——— or, du = ———=dXx. Therefore, the needed du is
dx 2\/4+x V4 + x? V4 +x?

complete. Hence,

4+ X +C

P

e) J'de

eX
Analysis shows that the formulaj.eudu =e" + C cannot be directly used.

There is the need to reduce the given function to integrable form by expanding the
square of a binomial on the numerator of the fraction, then, dividing the result by the
denominator.

X

I(exe;l)zdx 2 e o [

The definition of negative exponent is then applied on the last term.

I(G}G};l)dx jedx+j2dx+je dx = e* +2x + (- j e

X 2
Igdx=ex+2x—eX+C=ex+2x—ix+C
e e

f) [e” V1+e™dx
Take note that the formula je”du = e" + C will not work to evaluate the

given integral. The presence of the exponential function e** does not necessary mean
that formula can do the antidifferentiation task. However, a closer look tells that the

genera; power formula could be an effective tool to do the integration process with
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then = % u=1+e?, j—u =e”*(2dx) = 2e**dx, or, du=2e”*dx. Thus, we need to
X

introduce % before the integral sign.

[ 1]
e“\/1+ezxdx=1 2e2x'\/1+e“dx=l & +C
I 2 2

1
PR J
F 3 F .
:%| 1+e? :lﬁ(lwzx)zfc

2 J 2
\/1+e 1+e 1+e”* +C

ooll—\

g) [3"e"dx

We first reduce to integrable form the given function using the rule of

u

a
exponents (ab)" =a"b™, then use the formulaJ.au = na +C wherea=3e,u=4x,

j_u =4, or, du =4dx. Note that we need to introduce % before the integral sign.
X
1 1 (3¢)”
3% e*dx = [(3e)"dx = = [4(3e)™dx = =- +C
I I( ) 4I (%) 4 In3e

However, In3e =In3+Ine=In3+1based on the laws of logarithms In e =1and

log, MN =log, M +log, N . Therefore,

4x 4x . 4x
[3*e™ax ) A
4(1+1In3) 4(1+1n 3)

3.3.4. The Trigonometric Functions

1. .[sin udu =—cosu+C

2. jcosudu —sinu+C
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3. J'secz udu =tanu +C

4, J'cscz udu =—cotu+C

5. J'secu tanudu =secu +C

) J'cscucot udu =—-cscu +C

. J'tan udu = Injsecu|+C = —In[cosu|+C

6
7
8. jcotudu = Infsin u|+ C =—Injcscu|+ C
9

. J'secudu =In |secu +tan u|+ C

10.Icscudu = Infcscu —cot u|+ C

Observe that the above antidifferentiation formulas are derived directly from
their corresponding differentiation formulas. To show derivation of Formula 7

secutanu

jtan udu =1In |sec u| +C=-In |Cos u|+ C, we expresstanu = and then, apply

Ssecu

du secu tan
the formulaj.—z Inju+C. Hence, [ tan udu = I#du =Insecu+C.
u

secu
sin u

Similarly, derivation can be done by expressing, this time, tanu = . Thus,

cos u

sinu
du=—-Inhcosu+C.

J'tan udu :Icosu

Furthermore, Formula 9 jsec udu = Injsecu + tan u| + C can be derived using
du du
Formulaj— = In|u| +C . Lettheu =secu+tanu, d—=secutan u+sec’u, or,
u X

du ==secu(secu + tan u)dx . Other formulas can be derived in the same way.

Example 5. Evaluate the following indefinite integrals.
1
a) |sin —xdx
) [sin

On the formulajsin udu =—-cosu +C , theu :%x, 3—“:%,01‘, du :%dx.We
X

need to introduce 4 and the, apply the above formula. Hence,

1 1.1 1 1
.|'S|n—xdx:4.|'—5|n—xdx:4 —c0S—X |+C =-4cos—x+C
4 4 4 4 4
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b) Ixtan(4—x2)dx

We use formulajtan udu = Injsecu|+ C = —Incos u|+ C where u =4 - x?,

du

vl —2x, or, du =—-2xdx. There is the need to introduce - % before the integral
X

sign. Therefore,

jxtan(4—x2)dx=—%.|'—2xtan(4—x2)dx:—%In‘sec(4—lezéln‘cos@—xﬂ.

¢) (2—secx) dx
This is not even integrable by the general power formula because duis
incomplete not only by a constant but withsec xtan x. We expand the numerator
which is square of a binomial using the special product (a —b)’ = a? — 2ab +b?. Hence,
[ (2—secx) dx = [ (4—4sec x+sec® xJdx = [ 4dx— 4 sec xdx + [ sec” xdx
Observe that Formulas 3 and 9 best apply to perform the integration work.

[(2—-secx) dx=4x—4In|secx + tan x|+ tan x+C

d) I(sin “x—cos’ x)dx

The expression (sin* x — cos* x) = (sin 2 x + cos? x [sin 2 x — cos? x) is factored as a
difference of two squares. Moreover, sin ° x + cos” x = 1 based on Pythagorean identity.
The factor (sin 2 x —cos? x) can be simplified to — (cos2 X —sin 2 x) which is equal to

—cos 2x with reference to double an angle identity, Antidifferentiation is done using

Formula_[cos udu =sinu +C , whereu = 2x, (;_u =2, 0r, du = 2dx. Therefore, we need
X

to introduce % before the integral sign.

RS F Y 1
[ (sin* x — cos* xJx = [ - cos 2x 2_[2( cos 2x )dx 5 sin 2x+C

0 .[(ZCOS X+ sin x )’ ix
sin X
We got 4cos’ x + 4sin xcos x +sin* x after expanding the square of binomial on
the numerator. Then, based on the Pythagorean Identity sin 2x+cos?x =1, we come
up tocos’ x =1-sin*x. Hence,
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J-(Zcosx+sin X )’ i ZI(4cosz X + 4sin Xcos X +sin * )

dx

sin x sin x
_J[4(1—sin2x)+4sin xcosx+sin2x]dx_j4—3sin2x+4sin XCOS X
sin x sin X
sin % x sin XCos X
- ax-3 dx+ 4[ =——="dx
sin x sin x sin X

= j 4csc xdx — 3_[ sin xdx + 4I cos xdx

= 4In|csc x — cot x| — 3(— cos x)+ 4sin x + C

= 41In|csc x — cot X|+3cos x +4sin x+C

s2
f)J-sm 2de

1-cos 2x
To reduce the given function to integrable form, we use Pythagorean Identity

sin?2x =1—cos” 2x which then is factored as a difference of two squares.

J- sin?2x J~1 cos 2x ~ J- (1+ cos 2x )1 - cos 2x) i
1-cos 2x 1-cos 2x B 1-cos 2x
= J' 1+ COS 2X dx = J'dx + J'cos 2xdx

= x+£J'2c052xdx= x+lsin 2x+C
2 2

3.4. Antidifferentiation Using Substitution Rule

The integration tasks done previously can be made a little easier by
representing a part of the given integrand by a new variable and eliminating the
original variable on the given function including its differential. This method of
antidifferentiation or integration is what we call the Substitution Rule.

Example 6. Evaluate the following indefinite integrals using substitution rule.
a) [6x(3x* -1) dx

Part of the given integrand that can be replaced is (3x2 - 1).

d
Let: u=3x*-1, d_u = 6X.or, 6xdx = du . Therefore,
X

I6x(3x2 ~1) dx = j(3x2 ~1) (6xdx) = [udu
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b) _[e“(e“ ~1) dx

Letu =e* -1, 3—u = 4e**, or, e**dx = dTu Substitution yields
X

e (e ~1fax = (e ~1) (e ox)= ;(dﬂ - futau - %H c

0) jx“ sin x°dx

du du o
Let u = x>, d_ =5x*, or, x*dx = = Substitution results to
X

[ x*sin xdx = I(sin x® Jx*dx )= [ (sin u)(d?u) = éjsin udu = é(— cosu)+C

=—lcosu+C =—1cos x°+C
5 5

dx
d—2
)jx\/Inx—4
d 1 d
Letu=|nx—4,—u=—,—X:du.Hence,
dx x X

Iﬁ(%):j%du =.|'idu =Iu_;du

—2Ju+C=2Jnx-4+C

e) [esc xcot x(1 - csc x)°dx

du
Let u=1-cscx, ol —(~csc xcot x) = csc xcot x, or, du = csc xcot xdx . Therefore,
X

6

1—cse x)(cse xcot xdx) = [usdu = — 4+ C _L 1—cscx) +C
6 6

Basic Calculus 145



5Vx -1
f)je;dx

Vxf-1

5 5
Letu=+/x"-1, d—u=#(6xs)=i, or, d_u= X . Therefore,

dx  24/x%-1 x® -1 3 Jxf-1

x® -1 x® -1 ?
1 1 1 /=
:_J'e”du:—e”+C=—e “1ic
3 3

3.5. Table of Integrals Involving Inverse Trigonometric Functions and Logarithms

1
=Sin™* —+C

N

2 d 1
j - ! ~==Tan"=+C
a?+u’ a a
3 d 1
J ! ==Sec'=—+C
uvu?-a? a a

u-ta
5 du 1. a+u
I — =—I| +C,u*<a’
a‘—u 2a a-u
6 du 1 u-a
j ——=—1In +C,u’>a’
u’-a?> 2a u+a

7 2
J'\/az—uzdu— VJa?—u +a?s|n Yic

a
2

u
2
8 I\/u +a du—%\/ +a?ln(u+\/u +a) C

Example 7. Evaluate the following indefinite integrals using the table of integrals.

2 I\/4—x

., u
On the Formulaj—=8ln '~ +C,a’=4,0r,a=2,u’=x"*,or u=x

dx
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du
ol 2X, or, du = 2xdx . The needed du is incomplete, with 2 as missing constant.
X

1
Hence, we introduce > before the integral sign.

2

o2t
V4 - x* 2 2
b
)J.1+16X
1 u
On the Formulaj ~==Tan"=+C, a’=1,0r,a=1, u? =16x’, or,
a’+u’ a a

du 1
u=4x, — =4, or, du = 4dx. Therefore, there is a need to introduce " before the
X

integral sign. Hence,

4d 1 4 1
_[ = _[ X Tan’1 X C=ZTan4x+C
1+16x° 1+16x* 4 1 4
X
9—x°
1 a+u
OntheFormulaJ. ~=—1In +C,a’=9,o0r,a=3,u’=x%,or,
a’-u® 2a a-u
3 dU 2 2 . . l .
u=x-, ™ =3Xx", or, du = 3x°dx. It is necessary to introduce gbefore the integral
X
sign.
2 1 3 1 3
j X —dx = In3+X3+C=—In3+X3+C
9—x 2(3) 3-x 6 3-X
COS 2X
———dx
)-[sin22x—4
1 u-a 2 2 i 2
OntheFormulaJ. =—1In +C,a"=4,0r,a=2,u" =sin " 2x,
u’-a® 2a u+a

. d
or, U =sin 2x, d_u = cos 2x(2) = 2cos 2x, or, du = 2cos 2xdx . Thus,
X
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CoS 2X 1 . 2cos 2xdx
[Pt

sin?2x—4 29sin?2x-4

1] 1 sin 2x—2
=— In — +C
212(2) sin2x+2

=lln sin 2X_2+C

e) e [25 _ e dx 8 sin2x+2
2

On the Formulaj\/a2 —u?du =%\/a2 —u? +%Sin’1£+c, a’=25,o0r,a=>5,
a

du . : 1
u?=e*,or, u=e"*, — = 2e”*, or, du = 2e?*dx. There is a need to introduce = before

o
the integral sign. Thus,

2x
je“VZS—e“dx =%.[262X\/25—e“dx:%{62 V25 —e** +§Sinl €

2x

c }rc

2X
- ﬂe“xfzs _e* 4 258in™ es }c

£ [V4-(L+x)dx

2

On the Formulaj\/u2 +a’du :%\/u2 +a? +a?ln (u ++yu?+a’? )+C, a’=4,or,

a=2,u’=(1+x)’,or, u=1+x, du = dx. Therefore,

jw/4—(1+ x )’ dx =1+wa/4—(1+ XY +gln(1+x+w/4—(1+ x)2)+C
=1+TX 4—(1+x)2+2In[1+x+\/4—(1+x)2j+c

3.6. Differential Equations
A differential equation is an equation involving an unknown function and its

derivatives. The order of the differential equation is the order of the highest
derivative of the unknown function involved in the equation. In this section, we will
talk about an ordinary differential equation (ODE) which is defined as a differential
equation with only one dependent and one independent variable. Listed below are
examples of ODE of order one.
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dy 1+y°

a d_y:2_y b)d—y:cosx c) —=
dx 3x dx dx  2xy

The solution of a differential equation is an expression of the dependent
variable in terms of the independent variable which satisfies the differential equation.
The general idea is that, instead of solving equations to find unknown numbers, here,
we will solve equations to find unknown functions. Hence, to solve a differential
equation means finding its solution which is of two kinds:

1. General solution which contains a number of arbitrary constants equal to the
order of the differential equation.

2. Particular solution which is obtained from the general solution by specifying
the value/s of the arbitrary constant/s.

The differential equation of the form j—y = f(x,y) is called separable equation
X

if f(x,y)=h(x)g(y), hence, j—y =h(x)g(y). This discussion will show how to solve a
X

given separable differential equation using antidifferentiation by performing the

following steps.

a) Bring the given differentia equation to the form j—y =h(x)g(y).
X

b) Rewrite it to the formtz—y =h(x)dx . Observe that the coefficient of dy is in
aly
terms of y while the coefficient of dxin terms of x alone.
c) Integrate or anti-differentiate the equation in Step b) to obtain the solution
of the given separable equation.
d) If condition is given, evaluate the constant of integration on the general

solution to find the particular solution of the given differential equation.

Example 8. Solve the following separable differential equations.
a) d—y:2x—5,when x=0,y=2
dx

First, we bring the given equation to the form oé_y = h(x)dx . That is.
gly
dy = (2x —5)dx
Then, we integrate both sides of the above equation.
[dy = [(2x-5)ax

J'dy=J'2xdx—5.[dx
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Apply the appropriate integration formula.
XZ
=2 — |-5x+C

y=x>-5x+C

Since initial condition is given, that is, when x =0,y = 2, we evaluate C, the constant

of integration (arbitrary constant). Hence,
2=0+0+C
C=2

Therefore, the particular solution of the given differential equation is y = x> —=5x + 2.

b) ey—xzd—yzo,when Xx=2,y=0
dx
Reduce the given differential equation to the form o h(x)dx by

a(y)

separating the variables.
N
dx
x’dy = e’dx

e)’

dy dx
e X

Integrate both sides of the above equation.
dy dx
Jo =1
J'e’ydy = J'x’zdx

Use the appropriate integration formula.

(1) = (f_J ‘C

1 1
-—=-——+C
e’ X
Since condition is given, that is, when x = 2,y = 0, we evaluate C, the constant of
integration (arbitrary constant). Hence,
1 1

-—=-—+C
e’ 2

1 1
C ZE_lz_E (Note that e° =1)
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Therefore, the particular solution of the given differential equation is:
1 1 1

e X 2
Simplify the above particular solution. Multiply both sides of equation by — 2xe” .
2x =2e” + xe’

2x =e’(2+x)
C) d—y=—l,when x=1y=1
dx X

xdy = —ydx

dy  dx

yx

Id_yz_ o
y X

hy=-Inx+C
Apply the condition x =1,y =1to evaluateC .

hli=-Ih1+C
But, In1=0. C=0

Therefore, the particular solution is:
Iny=-Inx

Simplify. Iny+Ihx=0
Inxy=0

Inxy _ A0

e e

xy =1

3.7. Exponential Growth and Decay, Bounded Growth and Logistic Growth

3.7.1. Exponential Growth and Decay

Population growth rate is the measure of how the size of a population
changes over time. There will be an increase in the number of individuals in a
population over time as long as there are enough resources available.
However, as these resources begin to run out, population growth will start to
slow down. When the growth rate of a population decreases as the number of
individuals increases, this is called /ogistic population growth. Moreover, in
logistic growth, a population will continue to grow until it reaches carrying
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capacity, the maximum number of individuals the environment can support.
Below is the graph of logistic population growth.

>

Carrying Capacit
______ anilalhetant

Growth rate
decreasing

Growth rate
increasin

Number of Individuals

Time

Bounded growth is when a growth rate is constantly decreasing. The result is
that growth forever approaches a fixed value. Logistic growth is a bounded growth.

In exponential growth, the growth rate of a population increases over time, in
proportion to the size of the population. Exponential growth may happen for a while,
if there are few individuals and many resources. But when the number of individuals
gets large enough, resources start to get used up, slowing the growth rate.

Solving exponential growth problems leads to a separable differential

equation.
Let N (t)be the population present at timet. This amount is either

increasing (growing) or decreasing (decaying).

d—’:‘ be the time-rate of change of the population.

N, be the amount of the substance when time t =0
dN | .
Let us assume that Y is proportional to the amount N present. Hence,

dt

Where k is the proportionality constant. If the constant K is positive, it
has exponential growth and if k is negative, then, it has
exponential decay.

Separating the variables and integrating,

dN
~ j kdt
InNN=kt+C
Use the condition that whent =0, N = N,. This is to evaluate constant C on the

general solution.
In N, =k(0)+C C=InN,
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Therefore, the particular solution is

In N =kt+In N,
Simplify. In N —In N, =kt
M N
Uselong—Iongzlong: In — =kt
0
Inl
e No :ekt
Inl N
Usee " = — =g
0 NO
N = N,e“

The equation in box is a useful one when we want to know the population
size at a particular time.

Example 9. The number of bacteria in a liquid culture is observed to grow
exponentially at a rate proportional to the number of cells present. At
the beginning of the experiment, there are 10,000 cells and after three
hours there are 500,000. How many will there be after one day of
growth if this unlimited growth continues?

Solution:

This is an exponential growth problem. The given conditions are when

t=0,N =10,000 andt = 3hours, N =500,000 . We have to find N when t =1day or 24

hours.

We start using the boxed-equation: N = N e*.

Substitute N, =10,000 : N =10,000€" ------- Equation A
Find now value of proportionality constantk using the condition that when
t = 3hours, N = 500,000 . 500,000 =10,000e*®
50 = e
Take the In of both sides of equaiton: In 50 = In e
In 50 =3k
1

k= gln 50 =1.3------ Equation B

Substitute Equation B into Equation A. N =10,000e**
Find N when t =24 hours. N = 10,000 e

N =3.55x10"
Therefore, the number of bacteria in the liquid culture after one day is 3.55x10"".
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Example 10. A colony of bacteria is growing exponentially. If there are 1x10* bacteria

at the end of 3 hours and 4x10“at the end of 5 hours, how many were
there at the beginning?

Solution:
Use the exponential growth equation. N = N,e“
Whent=5,N = 4x10°. 4x10* = N e*®
4x10* = N> ------ Equation A
Whent =3,N =1x10*. 1x10* = N e*
N, = 1);13?4 -------- Equation B

e3k

1x10°
Substitute Equation B into Equation A. ~ 4x10* = [ <10 J(es")

4x10° _ o5k
1x10°
4=e*
Take In of both sides of the equation. In4=Ine*
In 4 =2k

k=1|n4=0.69
2

_ 1x10*  1x10*  1x10°

e3(0.69) e2.07 7.92

Therefore, there are 1261 bacteria initially in the culture.

=1261

Substitute into Equation B. N,

3.7.2. Logistic and Bounded Growth

We have used the exponential growth equation N =N“ to represent
population growth. The exponential growth equation occurs when the rate of growth
is proportional to the amount present. If we use N to represent the population, the

N
differential equation becomes: (j:i_t = kN, the constant kis called the relative growth

rate. The population growth model becomes, N:Noekt. However, real-life

populations do not increase forever. There is some limiting factor such as food, living
space or waste disposal. There is a maximum population, or carrying capacity, M . A
more realistic application in differential equation is the logistic growth model where
growth rate is proportional to both the amount present N and the carrying capacity

N
that remains: 1 - —.
M
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The equation then becomes:

Logistic Differential Equation
N 1N
dt M

A population that grows according to this model does not grow without bound,

wherein 0 < N <M, the population increases since C:j—l:l > 0. On the other hand when

N > M, the population decreases because dd—T < 0. Showing the graph of function N

that satisfies a logistic differential equation.

N = M B CITEEEeesT——

dN N
We can solve this differential equation e kN(l - —) which is separable equation.

dN

D

In order to evaluate the left hand side, we write:
1 M 1

=jkdt

NY N(M—N W+M1N
N(I_Mj (M -N) -

. Hence, J'dWN+J‘ dN —J'kdt,

M-N

In|[N|—=In|[M — N|=kt+C
In|M — N|-In|N|=-kt-C

in| _N‘:—kt—C
M —-N _eMC
N
M N_ N _gwc , Apply the property e** =e* oe’
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M-N —eCee™ let A=+e ©, M- N
N N
From here we get:

— Ae —kt

Logistic Growth Model
M

1+ Ae ™

Example 11: Ten grizzly bears were introduced to a national park 10 years ago. There
are 25 bears in the park at the present time. The park can support a
maximum of 100 bears. Assuming a logistic growth model, when will
the bear population reach 50?7 757?

M

Solution: Use the logisti wthmodel N = ———
olution se e Ong ngI'O mode 1+Ae Kt

M =100, N, =10, N, =25

At time zero, the population is 10 grizzly bears
100

1+ Ae’

~ 100

C1+A

10(1+ A)=100

10 +10 A =100

10A=90

A=9

Substitute the value of A to the logistic growth model,
100

10 =

10

Equation 1

After 10 years, the population N is 25.
100
23 =

1+9e™™
100

25
1+9e% =4

o 10k _ 3 o 10k _ 1
9’ 3’
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e—lOk — 033, e—lOk — eIn0.33

Applying the law of exponent: ' =e’ 5 x= y

—10k =In 0.33
-10k =-1.11
k=0.11
Substitute the value of K to equation 1, we get:
100
N = 1+9e %

We can graph this equation and use “trace” to find the solutions
10 Tomzmmssssa— —

80

60
Bears

40

200

0 20 So 35 40 |

Years
Therefore, 20 years, the bear population reach 50, while 29 years, the bear will
reach 75.

3.8. Riemann Sum

One of the various approximations that may be used to find the area under
a curve is Riemann sum that fits one or more rectangles beneath a curve and takes
the total area of those rectangles as the estimated area beneath the curve. If more
than a single rectangle is used, it is often most desirable to have the rectangles be the
same width so only their heights vary. This makes for quicker calculations especially
when the number of rectangles is large.

To make a Riemann sum, we must choose how we're going to make our
rectangles. One possible choice is to make our rectangles touch the curve with their
top-left corners. This is called a /eft Riemann sum. Another choice is to make our
rectangles touch the curve with their top-right corners. This is a right Riemann sum.

]

Pl
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Observe on the above examples, the "left" approximation will be too small (the
sum of the rectangle areas is less than the area below the curve), while the "right" one

will be too large.

Another, and better option is to place the rectangles so the curve passes

through the mid-points of each rectangle, as follows:

?Z

Example 12. Find the area under the curve from x =0to x =2 for the function y = x,

using the right Riemann sum.

Solution: We form rectangles of equal width between the start and endpoint of the
area we need. Then, we make the rectangles touch the curve with their top-right
corners. If we want to draw four rectangles of common width, the constant width of

the rectangles equals(

2_OJ=0.5,
4

0.5

1

15

2

Draw the rectangles using points furthest to the right. Place your pen on the endpoint
(the first endpoint to the right is 0.5), draw up to the curve and then, draw left to the
y-axis to form a rectangle. Then, calculate the area of each rectangle by multiplying
the height by the constant width.

Interval 0-05 0.5-1 1-1.5 1.5-2
Height (05 =0125 | (=1 | (15°=3375 | (2)=8
Width 0.5 0.5 0.5 0.5
Height x Width 0.0625 0.5 1.6875 4
Area 0.0625 +0.5+1.6875 +4=6.25
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3.9.RIEMANN SUM FORMULA for the Definite Integral

Definite integrals represent the exact area under a given curve, and Riemann
sums are used to approximate those areas. However, if we take Riemann sums with
infinite rectangles of infinitely small width, we get the exact area, i.e. the definite
integral.

The Riemann Sum formula provides a precise definition of the definite integral
as the limit of an infinite series. The Riemann Sum formula is as follows:

j'f(x)dx = lim iZil:f(xi )(b;—aj

n—>oo
a

Where n is the number of rectangles formed beneath the curve; f(x;) is the

height of each rectangle; x =a and x =b are the limits of integration.

3.10. Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus justifies the procedure of evaluating
the antiderivative at the upper and lower limits of integration and taking the
difference. The definite integral of a function is often viewed as the area under the
graph of the function between two limits and is defined as the limit of Riemann sums
as the number of rectangles made to increase without bound approaching infinity («o)

Let f be continuous at[a,b].If F is an antiderivative for f on[a,b], then,

[ f(x)dx=F ()= F (b)- F (a)

Example 13. Evaluate the following definite integrals using the appropriate
integration formulas.

a) j(sz —5x + 2)dx

1
-3

NN IO

:64_E+£=64+£=64+20284
2 2 2

j'(ze —5X + Z)dx =£2X3 —gxz + ZXJ

-3
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(2sin x —5cos x)dx = (—2cos x - 5sin x)

owlN

b)

Ot w |y

:(—Zcos%—Ssin %)—(— 2¢0s 0 —5sin 0)

_ L] s ﬁ —[—2(1)—0]:—1—ﬁ+2
3 :

2

Example 14. Evaluate the following definite integrals using substitution rule.

du

0
a) Ix3(1—2x4)3dx
-1
du 3 3 3
— =-8x°, du =-8x"dx, x°dx =

Method 1I:  Let u=1-2x",
dx
However, since there is change in the variable from x tou, we need to know

the values of uthat correspond to the given values ofx. That is, whenx=0,

u=1-2(0)=1whilewhenx=-1, u=1-2(-1)' =1-2=-1,
p 3 . 3 F du 17 1(u*) 1
Therefore, J'x3(1—2x4) dx = .[(1—2x4) (x3dx)= jus(—jz——J'USdu =—=| —
% % 7 \-8 8, 8l 4 )-1
S N G /N
- 32() (32} ) 32 32
Method 2: Under this method, there is no need to find the corresponding values ofu .
See how it is done below.
0 0 1 x=1 1 u4 le
S—2x*Fdx = [[L-2x*T(x%dx)=-= [ u®(du)=-=| —
[a-c e fla-ac oo | wian--3 ) 7
1 o X=1 1 1
———(1-2x" ———@1-2) -| -— |p-2(-2)
32( )x=—1 32( ) [32j[ ( )]4
1 1 4 1 1 4 1 1
=)+ -2 ==+ (-1 ==t ==
32()+32[ ()] 32+32( ) 32+32
5
4x
b d
)-3[2—8x2 "
du

Method 1. Let u =2—8x?, d—u=—16x, Xdx = ——.
dx -16
160
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Again, since there is a change in variable, we find the values of u
corresponding to the given values of x. Hence, whenx =3, u=2— 8(3)2 =2-72=-70

while whenx =5, u=2-8(5)" =2-8(25)=2-200 = —198 .

04X ! P10 du
Substitute. J' dx = 4.|' (xdx)=4 I | Bl
2-8x° 2 2-8x* ~,ul 16

3

1 —198
j: —Zln|u” 70

=1|n|—198|—1|n|—7o|=1|n 198 ~ L1 70 =—1[|n 198 —In 70]
4 4 4 4 4

Simplify. - T Ih—=—=_-Ih =

5 5 x=5 —
Method 2. [~ dx=a[— (de)=4I3(—d—uJ=—l'”|UHX_5
o 2-8 4 "lx=s

1 x=5_ 1 1
— 2|2 -8x2 =—=Ih)2-8(5)|-|-=In(2-8(3))
s8]~ -t sle)|- | - Jn(ze(3) |
=—1|n|—198|+1|n|—7o|:—1[|n198—|n7o]=—3| 2
4 4 4 35

3.11. Definite Integral as Area under a Curve

The area bounded by the graph of y = f(x), the x-axis and two vertical lines

x=aand x=b is defined by the definite integral below.

Using the above formula results to a positive area if the graph of y = f (x) is above the

x-axis, and a negative area if the graph is below the x-axis.
In the latter case, the actual area will be the absolute value of the calculated area.
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Example 15. Find the area bounded by the given curve, the x-axis and the two
vertical lines.

a)y=4x—-x*, x=1and x=4
Solution: The shaded region is the one bounded by the parabola y = 4x — x*, the x-

axis, x=1and x = 4. It is above the x-axis, as shown. Expectedly, the calculated area
needs be positive.

b)y=+1+x, x=0and x=8

Solution: The shaded region with y = +/1+ X, the x-axis, x=0and x =8 as boundaries
has expectedly a positive area since it is above the x-axis.

x={)|

Azif(x)dx =j'\/l+_xdx =i(1+ x)%dx ={§(1+ x)§}§:§\/(1+ x)’ ?)
A= ey - 2w - 2[Viey - Vi] =3[ (Vo) ~1] = 2 [ie7 -]
A=2(27-1)=2(26)=2
3 3 3
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2

c)yzl_—xz, x =0and x:\/§
1+X

2

Solution: The figure below shows that the region bounded by y = —:ll_ X2 ,
+ X

the x-axis,
x=0and x =+/3 consists of two parts. One part is above the x-axis (hence, area is
positive) from x =0 to x =1(an x-intercept of the graph), the other one from x =1to

x =+/3 is below, hence, area is expected to be a negative area.

— s

x=10 x=13
Therefore, A=A +A,.

1 2 1 1
A1=J'1+X2 dx=_|(—1+ 2 2jdx= —x+2(1jTan‘1(£j
51— X 5 1+x 1 1)]0

A =[-1+2Tan"1]-[0+ 2Tan *0]=-1+ z(ﬂ =1+ % = 0.57

2

r
Moreover, A, = .|'31+ ;(zdx = [~ x+2Tan ‘1x]\/1§ = (— 3+ 2Tan ‘1\/5)— (~1+2Tan™1)
J1-

SRSt

A, =|-0.21]=0.21

2
Finally, the required area bounded y = i—xz, the x-axis, x=0and x = \/§ is
+ X

A=0.57+0,21=0,78
d) y =sin x, x=%and x =2

Solution: The region whose area is required is below. The calculated area is positive
since the region is above the x-axis.
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Y=51n X

71'/3- 7[/3
A= J'sm xdx = —cos X|
7/6 7[/6
T T 1 \/g \/5—1
A=-CcOS——-|-COS— |=——4+—=—"—
3 6 2 2 2
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Activity Sheet
INDEFINITE INTEGRAL

Directions: Evaluate each of the following indefinite integral.

L[ (x+25)dx 6. J‘(%+§x8_10x)dx
X

2. | (x—4)%dx X} —4x+7
J 7. j(x—s)dx
2 4
3 I(4+7X)X o 8. J.(x3 +5x — 6)dx

dx

4, I(x—l)(5x+3)dx 9 IlOX7 +4x° -3x° —7x* +3x* +3

X2
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Gttt

5. j(2x—1)2(x—3)3dx

11. I(3cos X + 7'sin x)dx

12. j(x tan® x +1)dx

13. J'(x4 —3cos x)dx

10. j(4\/§+i

2Jx

16. js“”dx

)dx

17. j(4 — 7e*)dx

18. [ (3¢ +4e™)°dx

sin X N
14. d 19. [e” 5x"dx
Is— sin ? x I
3x
15. jz dx zo.j 3dx
xIn x
Basic Calculus
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Activity Sheet
INTEGRATION BY SUBSTITUTION

Directions: Evaluate the following using the appropriate substitution.

3 3
1. j5(7x+1) dx 6. J-x Jsrx+1dX
x*+1
2. _[3x(4x4+5)3dx 7. J‘zxsw/x“+2dx
_ —b6x 8. | (x+4)Vx* +6x+5dx
5 dx
(2-3x7)
J- 5dx dx 9, 'f\/4x—7dx
16 + 9x?
Basic Calculus
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11. J'cos2 xsin xdx

12. Icot 5x csc 5xdx

13. _[sin ® 4x cos 4xdx

14. J'4sec2 x(tan x + 2)dx

5. [N g
2+ Cc0s° X

10. J‘Zx\/4x — 5dx

16. Ie“‘de

17. [ (5e® + 3)dx

18. J'excsc?’(e‘)dx

Lo, J-sin (In x)

20. J'e“"” sec? xdx

Basic Calculus
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Activity Sheet
DIFFERENTIAL EQUATION

A. Verify that the general solution of the differential equation satisfies the
differential equation.

1. y=Ce¥; y"+2y'=15y =0

2. 5x*+4y*=C; 4yy'+5x =0

3. y=Ce"+C,xe*; y"-2y+y=0

4, y=Cx%"; xy'-2y = x%e*

5. 3" +e’ -6x=C; e’y'=6-3e"
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B. Find the particular solution of each differential equation given the conditions.
1. y'=12x* +8x+1y=150 whenx=1

2. y'=16x°+8x;y=5whenx=0

4 2 1

3. y=—-—+—+2;y=2whenx=5
X* x° X
X3

—1;y=3whenX:O

5. y'=x’Vx*-25;y=1whenx=5
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Activity Sheet
DIFFERENTIAL EQUATION

Directions: Solve each of the following problems

1. The number of fungi in a culture is increasing exponentially. There are 400 fungi
in the culture after 30 minutes and had 700 fungi after 3 hours. How many fungi
are there initially? After how many hours will there be 900 fungi in the culture?

2. The population of certain dragonflies is growing according to the logistic equation.
Consider that the maximum population of these dragonflies is 300. The number
of dragonflies increased from 70 to 90 for a period of 3 months. In how many
months will the number of dragonflies reach its maximum population size?
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Activity Sheet
DEFINITE INTEGRALS

Directions: Evaluate each of the following definite integrals

1 [ (5x-7)dx 6. | 2x(3x* +4x* ~ 7)x

2. [ (x*+5x -3} 7. [ (2x+5)x—3) d

3, fl(%x“ X% - 2x+ 7jdx 8. ['(x*-9hx

4 [(6x* + 7) dx 9, _[_:(%—gx“ ¥ 2x—5)dx
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5. LS (x +3)(x? — 2)dx

11. J? sec? xdx

12. I: (1+ cos x dx

3r -2
—1-sin° X
13. J:;‘ —de
5 C0S” X

14. J: 4tan x sec xdx

T 2

=~ sec” X
15. |3 dx

§3+tan X

10. Lg 5./xdx

16. J'Z(x +cos x)dx
4

2 2 tan x
17.Lsec xe "X dx

18, fle*de

19. [
e xIh x

dx

2
20. LE(2+|n X) X
X

Basic Calculus
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Activity Sheet
AREA OF A REGION

Directions: Find the area of the region bounded by the graphs of the equations.
1. y=x2-16,y=0,x=1,x=3

2. y=-x2+6x,y=0

3. y=(B-xWx,y=0
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,Yy=0,x=1,x=2

. 2
5. y=mnnx=Qx=7;
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